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Abstract. In this paper, we consider the initial data re-

covery and the solution update based on the local mea-

sured data that are acquired during simulations. Each

time new data is obtained, the initial condition, which

is a representation of the solution at a previous time

step, is updated. The update is performed using the least

squares approach. The objective function is set up based

on both a measurement error as well as a penalization

term that depends on the prior knowledge about the so-

lution at previous time steps (or initial data). Various nu-

merical examples are considered, where the penalization

term is varied during the simulations. Numerical exam-

ples demonstrate that the predictions are more accurate

if the initial data are updated during the simulations.
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1 Introduction

Dynamic data-driven applications simulations (DDDAS)

are important for many practical applications. Consider

an extreme example of a disaster scenario in which a

major waste spill occurs in a subsurface near a clean wa-

ter aquifer. Sensors can now be used to measure where

the contaminant was spilled, where the contamination

is, where the contaminant is going to go, and to monitor

the environmental impact of the spill. One of the objec-

tives of DDDAS is to incorporate the sensor data into the

real-time computer simulations. A number of important

issues are involved in DDDAS, and they are described
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in [7]. In this paper, our goal is to devise DDDAS with

a procedure for recovering initial data based upon an

available set of sensor measurements and to use them

for solution forward prediction. In particular, the pro-

cedure involves updating the initial data (the solution

at previous time steps) as the sensors measurements are

acquired.

As new data are obtained from sensors measurements,

the initial data needs to be updated. This update reduces

the computational errors associated with incorrect ini-

tial data and improves the predictions. In this paper,

we consider linear subsurface flows involving convection

and diffusion. Initial data is sought in a finite dimen-

sional space. Using the first set of measurements, the

approximation of the initial data is recovered. As new

data are incorporated into the simulator, we update the

initial data using an objective function. We note that

the formulated problem is ill-posed. Two facts can be

attributed to this ill-posedness. First, the data gathered

from the sensor measurements always contain some de-

fects that come from factors such as human errors and

inherent factory errors of the sensors. Secondly, the num-

ber of sensors that can be installed are limited, and in

general are much fewer than the finite dimensional space

describing the initial data. For the latter, we can regular-

ize the problem by using the prior information about the

initial data. This prior information is the updated initial

data. The penalization constants depend on time of up-

date and can be associated with the relative difference

between simulated and measured values.

A number of numerical examples are presented. The

main objective of these examples is to show how crucial

the initial data update is. In particular, with the correct

choice of penalty terms, one can improve the prediction

of the initial data. The improved predictions of the ini-

tial data provides us with more accurate solution at later

times. In the paper, we only consider a few updates be-

cause, in dynamic data-driven applications simulations,

our approach will be used only locally in time by updat-

ing the solution at the previous time steps rather than

at time zero. The latter can provide significant compu-

tational savings.

As mentioned earlier, sensor measurements contain

errors and uncertainties. In our numerical simulations,

we take into account these uncertainties by sampling

the sensor data from the known distribution. As a re-

sult, one obtains various realizations of the initial data.

In our subsequent work [6], we will employ the least

squares approach in developing Bayesian methods. To

quantify uncertainties in the measurements and a pri-

ori knowledge about the initial data, the Markov Chain

Monte Carlo method (MCMC) can be used. Because this

method is expensive due to rejection of the proposals,

we propose an approach that combines the least squares

method with Bayesian approaches that will give high ac-

ceptance rates.
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2 Initial Data Recovery and Update Based on

Multiple Sets of Measurements

The model problem that we consider is a convection-

diffusion problem

∂C

∂t
+ v · ∇C −∇ · (D∇C) = 0 in Ω, (2.1)

where by Darcy’s Law, we have v = −k∇p, with the

pressure p satisfies

−∇ · (k∇p) = 0 (2.2)

with some prescribed boundary conditions and initial

condition/data C(x, 0) = C0(x). This initial boundary

value problem models the tansport of a contaminant

through the porous medium Ω. There have been many

researches devoted to studying this model [1,2]. In addi-

tion, many aspects of numerical simulation of this prob-

lem are investigated in [3,9] and references therein. Here

the variable C(x, t) is designated for a contaminant con-

centration over the porous medium Ω and at time level

t, k is the permeability of the porous medium, and D is

the diffusion coefficient.

In standard practice, given the boundary and initial

data, one solves (2.1) and (2.2) forward in time to obtain

the concentration C at a certain time level t. One of the

problems in dynamic data-driven simulation is the esti-

mation of the initial condition C0(x) given a set of spa-

tially sparse concentration measurements at certain time

levels. In other words, instead of solving for C, our task

is to solve for C0(x) given sparse values of C and with

the assumption that the boundary data are known. We

note that in this study, the permeability k is randomly

generated with a pre-assigned statistical variogram and

exhibit a certain correlation structure [10,4].

Before presenting the procedure, we shall introduce

several pertaining notations. Let Ns be the number of

sensors installed in various points in the porous medium

and {xj}
Ns

j=1 denote such points. Let Nt be the number

of how many times the concentration is measured in time

and {tk}
Nt

k=1
denote such time levels. Furthermore, γj(tk)

denotes the measured concentration at sensor located in

xj and at time tk. We set

M(γ, tk) = {γj(tk), j = 1, · · · , Ns}. (2.3)

Now let Ωc ⊂ Ω be the predicted location at which

the initial data exist inside the porous medium Ω. More-

over, we denote by Wc a finite dimensional space that

lives on Ωc and let Nc be its dimension. The finite di-

mensional space Wc is equipped with a set of linearly

independent functions that we denote by {C̃0
i (x)}Nc

i=1.

Obviously, any function that belongs to Wc can be writ-

ten as a linear combination of {C̃0
i (x)}Nc

i=1.

The idea explored in this paper is to seek an approxi-

mation of the initial data C0(x) in the finite dimensional

space Wc. To see this, we denote that approximation by

C̃0(x), which is represented as

C̃0(x) =

Nc
∑

i=1

αiC̃
0
i (x), (2.4)

for some α = (α1, α2, · · · , αNc
). Furthermore, let C̃i(x, t)

be the solution of (2.1) using an initial condition C̃0
i (x).

Then by superposition principle, the solution of (2.1) us-

ing C̃0(x) in (2.4) as an initial condition has the following
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form:

C̃(x, t) =

Nc
∑

i=1

αiC̃i(x, t). (2.5)

Having written the approximation of the initial data

as in (2.4), we transform the task of recovering the initial

condition of (2.1) into a problem of finding the “best” α

such that C̃(x, t) ≈ C(x, t). This is materialized through

the formulation of an objective function that quanti-

fies the difference between the measured concentration,

M(γ, t), and the simulated concentration, C̃(x, t). As al-

ready mentioned in the introduction, in general the num-

ber of the sensors are less than the dimension of Wc (i.e.,

Ns < Nc). Hence, an attempt to minimize an objective

function that only contains the difference between mea-

surements and simulations will lead to an ill-posed prob-

lem. To regularize the problem, we add a penalty term

that contains the prior information related to the initial

data, and consider the following objective function

F : R
Nc → R, (2.6)

such that

F (α) =

Ns
∑

j=1

(

Nc
∑

i=1

αiC̃i(xj , t) − γj(t)

)2

+

Nc
∑

i=1

κi (αi − βi)
2
.

(2.7)

Here κ = (κ1, κ2, · · · , κNc
) is the penalty coefficients

for an a priori vector β = (β1, β2, · · · , βNc
). This prior

information will be updated during the simulation to

achieve higher accuracy. Minimization of the target func-

tion (2.7) is done by setting

∂F (α)

∂αm

= 0, m = 1, · · · , Nc, (2.8)

which gives the linear system

Aα = R, (2.9)

where for m, n = 1, · · · , Nc,

Amn =

Ns
∑

j=1

C̃m(xj , t)C̃n(xj , t) + δmnκm, (2.10)

with δmn = 1 if m = n and zero otherwise, and

Rm =

Ns
∑

j=1

C̃m(xj , t)γj(t) + κmβm. (2.11)

In the following, we describe several ingredients per-

taining to the implementation of the least squares de-

scribed above. This approach relies on some prior knowl-

edge inherent in the predicted initial data. This set of

knowledge is referred to as priors. In the formulation

above, the priors are represented by the variables Ωc,

Nc, β, and κ. At the preliminary stage, one needs to de-

termine possible spatial location of the initial data and

its support in the porous medium Ω. In the worst pos-

sible scenario, when we do not have prior information

on the location of the initial data, we may set Ωc = Ω.

The next step is to choose the finite dimensional space

Wc in which we want to seek our approximate initial

data. Mainly, we will need to decide what kind of lin-

early independent functions we will use along with the

dimension, Nc. If there is a reasonable level of certainty

on the location of initial data and its support, then a

smaller number of Nc may be used. On the other hand,

a larger Nc has to be used if one has a low certainty

level of the location, which results in predicted initial

condition whose support occupies a larger portion of the

porous medium. Closely connected to the location of ini-

tial data are whether or not we have some prediction (or

knowledge) on the initial data values at the specified

points. These values are represented by β. Provided that
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we have this information, our aim is to obtain α from the

above least squares system that are in the neighborhood

of β. And finally, the closeness of the presumed β to α

is controlled by the vector κ.

As already pointed out, it is, in general, impossible to

provide priors with certainty. Consequently, a procedure

has to be proposed with the goal of increasing the priors’

level of certainty in the real-time computer simulation.

For this purpose, the least squares approach presented

earlier can be suitably fitted into the framework of dy-

namic data-driven applications simulations. One of the

objectives of DDDAS is to incorporate the measurement

data into the real-time computer simulations. Several is-

sues of DDDAS designed in the framework of contami-

nant prediction and tracking were discussed in [7,8].

The procedure that we propose in this paper is re-

lated to the sequence of updating sensor data described

in [5]. We assume that multiple sets of measurement data

are available. To explain the idea in a rigorous way, we

concentrate on updating β in n > 1 steps real-time simu-

lations, namely at time t1, t2, t3, · · · , tn. We note that in

this case there are n sets of measurement data at our dis-

posal. At the very beginning of the simulation (at time

level t1), we come up with prior values of β = β0. Run-

ning the simulation at time level t1 gives us the predicted

α1. Now the aim is to update β to be used in the sim-

ulation at time level t2, and for this we use the value of

α1, which is already obtained. The updating sequence is

then similarly proceeded up to time level tn (see Figure 1

for a schematic illustration of this procedure). Obviously,

in conjunction with updating β, we may also update the

value of κ with the assumption that the updated β are

converging to the predicted α.

ti−1 ti i+1t

β=α β=αβ=α

update update

time

i−2 i−1 i

Fig. 1. Procedure for updating the prior information

In practical applications, the data acquired from mea-

surements contain inherent errors/noise that add up the

uncertainty in the whole simulation process. This noise

affects the accuracy of the initial data recovery. One way

to quantify this uncertainty is to sample the measure-

ment data into several realizations and use them in the

simulation to obtain the corresponding set of realizations

of initial conditions. Another way is to use the Bayesian

framework. This method will be presented elsewhere [6].

3 Numerical Examples

Below we present several synthetic examples to test the

performance of the method described in the previous sec-

tion. We use Ω = [0, 1]× [0, 1]. The boundary conditions

in the subsurface flow for the pressure equation (2.2) are

given pressure at the inlet and outlet edges (i.e., x = 0

and x = 1, respectively), and no flow at the bottom and

top edges (i.e., z = 0 and z = 1, respectively). The per-

meability k is generated with given correlation length
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lx = 0.2 and lz = 0.02, with a spherical variogram using

GSLIB algorithms [4].

For the convection-diffusion equation (2.1), we set

the diffusion coefficient D = 0.1 over all domain. We

assume zero concentration at the inlet, bottom, and top

edges, and a zero diffusion, i.e., (D∇C) · n = 0, at the

outlet edge, with n being the unit normal vector pointing

outward on the outlet edge. In numerical investigations,

we use the following form of true initial condition:

C0(x, z) =



















∑n

i=1
ciφi(x, z), if (x, z) ∈ Q ⊂ Ω

0, otherwise,

(3.1)

where φi(x, z) are the standard bilinear functions of nodes

i = 1, · · · , n in Q. One example of true initial condition

that we want to recover uses Q = (0.2, 0.4) × (0.2, 0.4)

with n = 9, and c1 = c3 = c7 = c9 = 0.5625, c2 = c4 =

c6 = c8 = 0.75, and c5 = 1. See left side of Figure 2 for

schematic illustration of these nodes. Other example of

true initial condition is defined similarly.

Both pressure and convection-diffusion equations are

solved by the finite volume method on rectangular grids.

For all cases we discretize the domain into 100 × 100

elements, i.e., 100 elements in each direction. A sparse

portion of the numerical solution of (2.1) using the true

initial condition is treated as the measured concentration

obtained from the sensors. We use time step ∆t = 0.01.

The data from measurement M(γ, tk) are taken from

multiple set of numerical simulations with the initial con-

dition mentioned earlier. The measurement is assumed

to be conducted at time level t1 = 0.1, t2 = 0.2, t3 = 0.3,

and t4 = 0.4. A number of sensors are installed at various

locations in the porous medium. Figure 3 shows the con-

centration profile at each of these time levels along with

the sensor locations which are denoted by (x) indicator.

Regarding priors, we consider several scenarios. The

first one is assuming that we know the support of the ex-

act initial condition. Hence, we use Ωc = Q = (0.2, 0.4)×

(0.2, 0.4) and Nc = 9. As prior information for β we use

β0
i = 0, i = 1, · · · , 9. In this case, only five sensor data

depicted in Figure 3 are used, i.e., all the four corner

sensors and one at the very center.

The second case assumes we do not know exactly

the support of the true initial condition. We use Ωc =

(0.05, 0.55) × (0.2, 0.4) and Nc = 27, where the nodes

now consist not only on the whole portion of the exact

initial condition support, but also on the outside of it,

namely, on the left and right boundaries of the exact

initial condition support (see Figure 4). For this case all

β0
i are nonzero.

In all the figures below, we show the sequence of up-

dated initial condition corresponding to the sequence of

time levels of measurement mentioned earlier. The first

two figures below correspond to the prior scenario de-

scribed in the last two paragraphs with the measurement

data M(γ, tk) assumed to be deterministic, so that they

are imposed into the least squares system as hard con-

straint. We use κi = 2×10−12 for all i in these two cases.

Figure 5 shows the updated initial data where the sup-

port is known exactly (i.e., Ωc = Q). We can see from the

sequence in this figure that updating β clearly improve

the accuracy of the predicted initial condition.
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Figure 6 shows the sequence of updated initial condi-

tion using larger support prior. We note that at each up-

date k, there are negative values of αk
i for nodes i located

outside the support of the exact initial data. As a part of

the updating procedure, we truncate these negative val-

ues to zero, and the resulting vector is used as βk+1. The

reason for this is that the quantity of interest represents

the concentration that cannot be negative. We observe

in the simulation that as the time level progresses the

magnitude of these negative values is decreasing, which

results in the improvement of the predicted initial data.

In particular, during the first update we see the recovered

initial data has larger support than the true initial data.

At later updates this support converges to the support

of the true initial condition.

In addition to updating β, we can update κ. In par-

ticular, κ is increased during the simulations to reflect

the fact that the updated initial data is a better rep-

resentation of the true initial data. In general, one can

change κ in various ways. In our examples, we update κi

by multiplying it with certain factor after each simula-

tion update. Figure 7 shows the updated initial condition

with both β and κ updated for the case of larger sup-

port. The prior for κ is κ0
i = 2 × 10−12 for all i, and

when updated it is multiplied by ten. The figure shows

significant improvement on the predicted initial data.

Figure 8 is another example showing the advantage

of updating κ in conjunction with updating β. For this

example we have used a different true initial data. As

before, true initial data employed here follows the form

in (3.1), where now we use Q = (0.2, 0.4) × (0.2, 0.4) ∪

(0.1, 0.3) × (0.6, 0.8), such that the true initial data ex-

hibits two peaks and two distinct supports. The priors

are chosen such that the predicted initial data has a

spatial support that covers the supports of both peaks,

namely we use Ωc = (0.0, 0.5)× (0.2, 0.8). Moreover, we

have chosen the time instances for the simulation up-

date to be t1 = 0.04, t2 = 0.08, t3 = 0.12, and t4 = 0.16.

The numerical results presented in Figure 8 shows that

updating both κ and β gives significant improvement.

Next, we present the case when we use Ωc = Ω as

our prior. The true initial data we want to recover is

the same as the one predicted in Figure 8. Obviously

the finite dimensional space Wc for this problem is much

larger. Instead of updating four times in the numerical

simulation, we have updated the prior seven times, i.e.,

at t1 = 0.04, t2 = 0.08, t3 = 0.12, t4 = 0.16, t1 = 0.20,

t2 = 0.24, and t3 = 0.28. Four of the updated initial data

are depicted in Figure 10. Again, similar improvement on

the updated initial data is evident.

As already mentioned in the introduction, another

key purpose of DDDAS is to perform forward predic-

tions based upon the approximated initial data. We use

the predicted initial data shown in Figure 8 to illustrate

this forward prediction. The comparison is shown in Fig-

ure 9. The top plot of this figure shows the true concen-

tration at t = 0.2. In the bottom left plot of this figure

we use initial xdata obtained after first update (see up-

per left plot of Figure 8) to predict the concentration

at t = 0.2. We see a significant difference both in the

form as well as the magnitude between true and the pre-

dicted concentrations. In the bottom right figure we use
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the initial data obtained at the fourth update (see lower

right plot of Figure 8). This plot clearly shows that the

predicted concentration is more accurate if we use the

fourth update. This example gives an illustration of the

advantage and importance of updating prior information

for improving predictions in later times and its relevance

in dynamic data-driven applications simulations.

Finally, we consider examples when the measurements

are sampled. Sampling the measurements reflects the

fact that the data acquired from measurement contain

noise. Thus it is not reliable to impose it as a hard con-

straint. To impose it as a soft constraint, we sample the

measurement data into a set of realizations and obtain

the corresponding realizations of initial data using the

least squares and updating procedure. Here, we sample

the measurement data from the Gaussian distribution

whose mean is the measured concentration correspond-

ing to the true solution and variance is approximately

five percent of this value. Figures 11 and 12 show two re-

alizations of the updated initial data with the two peaks

presented earlier. In each realization we see although the

simulations tend to under-predict the true initial data,

there is relative improvement as time level progresses.
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3. G. Chavent and J. Jaffré, Mathematical Models and

Finite Elements for Reservoir Simulation, no. 17 in Stud-

ies in Mathematics and its Applications, North-Holland,

Amsterdam, 1986.

4. C. V. Deutsch and A. G. Journel, GSLIB: Geostatis-

tical software library and user’s guide, 2nd edition, Ox-

ford University Press, New York, 1998.

5. C. Douglas, C. Shannon, Y. Efendiev, R. Ew-

ing, V. Ginting, R. Lazarov, M. Cole, G. Jones,

C. Johnson, and J. Simpson, A note on data-driven

contaminant simulation, Lecture Notes in Computer Sci-

ence, Springer-Verlag, 3038 (2004), pp. 701–708.

6. C. C. Douglas, Y. Efendiev, R. Ewing, V. Ginting,

and R. Lazarov, Bayesian approaches for initial data

recovery in dynamic data-driven simulations, in prepara-

tion.

7. C. C. Douglas, Y. Efendiev, R. Ewing, R. Lazarov,

M. R. Cole, C. R. Johnson, and G. Jones, Virtual

telemetry middleware for dddas, Computational Sciences

- ICCS 2003, P. M. A. Sllot, D. Abramson, J. J. Don-

garra, A. Y. Zomaya, and Yu. E. Gorbachev (eds.), 4

(2003), pp. 279–288.

8. C. C. Douglas, C. Shannon, Y. Efendiev, R. Ew-

ing, V. Ginting, R. Lazarov, M. R. Cole, G. Jones,

C. R. Johnson, and J. Simpson, Using a virtual teleme-

try methodology for dynamic data driven application sim-

ulations, in Dynamic Data Driven Applications Systems,

F. Darema (ed.), Kluwer, Amsterdam, 2004.

9. R. E. Ewing, ed., The mathematics of reservoir simu-

lation, vol. 1 of Frontiers in Applied Mathematics, So-

ciety for Industrial and Applied Mathematics (SIAM),

Philadelphia, PA, 1983.



Least Squares Approach for Initial Data Recovery in Dynamic Data-Driven Applications Simulations 9

10. H. Wackernagle, Multivariate geostatistics: an intro-

duction with applications, Springer, New York, 1998.



10 C. Douglas et al.

0.40.30.2

0.2

0.3

0.4

x

z

1 2 3

4 5 6

987

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 2. (left) True initial condition is formed as a linear combination of nodal basis functions with known nodal values, (right)

the initial condition profile.



Least Squares Approach for Initial Data Recovery in Dynamic Data-Driven Applications Simulations 11

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

xx x

x x

x x x

x x

x x x

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.01

0.02

0.03

0.04

0.05

x x x

x

x

x

x x

x

x

x x

x

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.005

0.01

0.015

0.02

0.025

0.03

0.035

x

x

x

x

x

x

x

x

x

x

x

x

x

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.005

0.01

0.015

0.02

0.025

x

x

x

x

x

x

x

x

x

x

x

x

x

Fig. 3. Concentration at several time levels: t = 0.1 (top left), t = 0.2 (top right), t = 0.3 (bottom left), t = 0.4 (bottom

right). The (x) indicates the sensor location.

0.40.30.2

1 2 3

4 5 6

987

10 11 12

14 15

16 17 18 25 26 27

22 23 24

19 20 21

13

0.2

0.3

0.4z

0.05
x

0.55

Fig. 4. Prior configuration when the support is not known



12 C. Douglas et al.

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Fig. 5. Updated initial data: t = 0.1 (top left), t = 0.2 (top right), t = 0.3 (bottom left), t = 0.4 (bottom right). The prior

assumes a known support.
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Fig. 6. Updated initial data: t = 0.1 (top left), t = 0.2 (top right), t = 0.3 (bottom left), t = 0.4 (bottom right). The prior for

β assumes a larger support.
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Fig. 7. Updated initial data: t = 0.1 (top left), t = 0.2 (top right), t = 0.3 (bottom left), t = 0.4 (bottom right). The prior for

β assumes a larger support. Both β and κ are updated.
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Fig. 8. Updated initial data for two-peak initial data: t = 0.04 (top left), t = 0.08 (top right), t = 0.12 (bottom left), t = 0.16

(bottom right). The prior for β assumes a larger support that covers the support of both peaks. Both β and κ are updated.
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Fig. 9. Comparison of predicted concentration at t = 0.2 for the case presented in Figure 8: (top) true concentration, (bottom

left) concentration using first update, (bottom right) concentration using fourth update.
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Fig. 10. Updated initial data for two-peak initial data: t = 0.04 (top left), t = 0.12 (top right), t = 0.20 (bottom left), t = 0.28

(bottom right). The prior for β assumes a support equal to Ω (Ωc = Ω). Both β and κ are updated.



18 C. Douglas et al.

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x

z

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 11. First realization of updated initial data: t = 0.1 (top left), t = 0.2 (top right), t = 0.3 (bottom left), t = 0.4 (bottom

right).
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Fig. 12. Second realization of updated initial data: t = 0.1 (top left), t = 0.2 (top right), t = 0.3 (bottom left), t = 0.4

(bottom right).


