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SUMMAR'Y

We derive a multilev el algorithm to solve variable coezcient elliptic boundary value problems on
adaptively rened structured meshes,and we design a cache optimized version of this algorithm.
The operations are optimized to exploit the cache memory subsystem. We presert numerical results
demonstrating the exciency of the cache optimization. Copyright °c 2003 John Wiley & Sons, Ltd.
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1. Introduction

Patch-based adaptive meshre nement [2, 3] has becomean attractiv e technique for spatial
discretization in a host of scierti ¢ simulations, ranging from shock hydrodynamics [12] to
combustion [5] and plasmaphysics[15]. The ability to placea re ned patch (with a Cartesian
mesh) at any arbitrary location in the domain obviates the need for mesh stretching and
promotes its use with higher-order stencils [13]. Conformal transformation techniques have
extended this technique to nonrectangular/cuboid domains of sutcient complexity to meet
the needsof scierti ¢ (as opposedto engineering)simulations [8].
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CACHE AWARE AMR MG 1

A large number of sciertic problems (e.g. combustion, incompressible hydrodynamics,
magnetohydrodynamics etc) frequertly posea Poissonproblem with variable coexcients asa
part of their solution strategy. While this could be formulated asa giant Ax = b problem and
treated with iterativ e methods (e.g. Krylo v methods), the multilev el nature of the grid strongly
suggestamultigrid approades. Further, the (relativ ely) small data set assaiated with a patch
lends this approact to cace-basedoptimization of numerical operations local to a patch i.e.
smoothing. In this paper, we usea combination of adaptive re nement [2, 3, 14] and multilev el
[4, 9, 10] proceduresto solve variable coetcient elliptic boundary value problems of the form

1
& L (A) = %in - ; 1)
B(A)=°on@;

subject to standard conditions that ensure ellipticit y and well posednesq1]. The solution
procedure is derived from the adaptive mesh re nement process,not from the multigrid
procedure. Hence, we use notation that is commonin the adaptive meshre nement (AMR)
community.

This researd focuseson

1. Implemernting cade aware optimizations to multigrid in an AMR context,
2. Modifying a well known AMR multigrid algorithm [9] to do only post-smaothing sothat
the cadche aware optimizations will have a greater e®ect.

Cache aware algorithms are designedto minimize the number of times data goes through
cache, thereby increasingthe exciency of the algorithm. Cache memoriesare much faster than
main memory, sothe CPU can be kept more busy whenit is getting data from cadhe memories.
In an AMR cortext, we modify Gauss-Seidelo that all the data required by the smaoothing
iterations needsto be brought into a cache only once, not many times, and it still gets the
exact sameanswer as the standard algorithm (i.e. bitwise compatibilit y). In order to further
improve the exciency of cade usage,we do only post-smoothing and combine the residual
computation with the smoother. In this way all of the smoothing and the residual computation
for eadh level of a V cycle can be accomplishedwhile bringing the data into cace just once.

Doing post-smaothing only is a substartial change over the AMR algorithm usedin [9]. It
is especially useful when implementing cadce aware algorithms as discussedin x5. We seefar
better cathe e®ectswhen more smoothing iterations are done consecutiely. Further, reducing
the work that is done outside of the smoother meansthat speedingup the smoother will have
a greater impact on the whole algorithm.

The variable coexcient problem that we preser hereis di®eren from a constart coexcient
or Poissonproblem sincethere is the coetcient matrix that hasto be fetchedinto cache along
with the solution and right hand side. This posesthe problem of how to store the coetencert
matrix to facilitate the cadce aware optimizations as discussedin x5.

This paper assumesthe reader is familiar with discretization and numerical solution of
partial di®ererial equations[6, 11, 17].

In x2, we provide a mathematical badkground. In x3, we presert a 2D example. In x4, the
multilev el adaptive meshre nement method is described. In X5, we discusscache aware Gauss-
Seideland the V cycle. In x6, we present numerical results.

Many very highly technical intermediate details have beenleft out of this article. The omitted
material is in [16].
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2 D. T. THORNE

2. Mathematical Background

The basic algorithms are geometrically inspired. De nitions are based on a domain (or
subdomain) rather than a grid perspective. This is standard in adaptive grid re nement
literature but lessstandard in multigrid literature. _

We begin by assuming that - is overlaid by a union of tensor product meshesa’

1. whereo! - :

Normally n; = 1. However, the method works for ny > 1, too. This is referredto asthe level 1,
or coarsestgrid. Operators are de ned on it later.

An adaptive meshre nement procedureis usedto de ne many patches The set of local grid
patchescorrespondingto " 1re nements (1< ° - ") is denoted

a = g i and © max+l — ..

The = ¥ are tensor product meshesthat have beenobtained by adaptively re ning the o il
meshesThe denition for @ ™**1 is a conveniencethat simpli-es a number of the algorithms
we de ne throughout this paper. We de ne the domains- and - 1 asthe minimum domains
that includea ando ? | respectively. Normally, - is a union of disconnectedsubdomains (one
subdomain corresponding to ead level * patch). Note that within an adaptive grid re nement
code max can change (increaseor decrease)during the courseof solving an actual problem.

The AMR procedurede nes a composite grid, @ C\max , and more generally, a composite grid
hierarchy, 1< * - ", by

N [ i i+1
g, = (='j P@®E'T)); (2
i=1

where P is the projection operator discussedbelov. The ' composite grid, . , cortains all
points from the "™ level patches, & , as well as additional points from regions not covered
by the patches. The new grid points correspond to mesh points from patcheson lower levels,
always taking from patcheson the closestpossiblelevel.

We useprojection and re nement operators P and R, respectively. The notation is standard
adaptive meshre nement notation but is di®erert from multigrid notation (where the symbols
are unfortunately reversed). The operators are used interchangeably with either domains -
or grids = . In terms of domain and grid superscripts, P projects from \'ne to coarse,"i.e.,
I 7j 1andR re nes from \coarseto ne," i.e., ! T+ 1.

We require nesting of domains

- ‘maxu_ “max i 1” ¢eue 66 1. ;
which can be written as
R(PC- "™ )Hu-" and P- ™M)p-
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Figure 1. A sample grid hierarchy.

and

- = (- i PCY); where- matt =

The useof tensor product meshesallows for fairly straightforward "nite di®erenceand nite
volume stencils to de ne the discrete operator. At internal patch boundaries, however, some
care must be taken. We de ne ghostpoints near internal patch boundariesand use quadratic
interpolation to acquirevaluesat thesepoints sothat locally equispacedunknowns are available
for usewith regular stencilswithin most of the computations. When computing composite grid
residuals, however, more complicated stencils are neededfor coarsepoints adjacert to ner
grid patches. This is formally covered in x3. The main idea is to use the sameinterpolated
values for the stencils on both the "ne grid side and the coarsegrid side when updating
points that are adjacert to a coarse- ne interface. Hence, the °uxes used to approximate
the operator acrossthe coarse- neinterfacesare matched and cortinuity of the rst derivate
(i.e. C! continuity) is enforced. This is referred to as °ux matching. The C! cortinuity at
the boundary betweenthe coarseand ne subdomainscan be preciselyde ned in terms of the
derivativesof the quadratic functions that interpolate the ghostpoints. Seex3 for details of the
ghost point interpolation procedure. The key point is that enforcing C* cortinuity presenes
the secondorder corvergenceof the method. Especially for problemswith sewerefronts or near
discortin uities, CO cortinuity alone is not always su+cient. The boundaries of the domains,
f@ g, arerequired to meet the condition

@ "\ @ pe

which ensuresthat the °ux matching procedurethat we useis well de ned and of the right
approximation order near patch boundariesin the interior of - [9].
We approximate the solution to (1) using a multigrid algorithm to numerically solve the
“nite dimensional problem o i
L A = v (3)

where L "™ is a matrix represening the discretization on o mac Amac are the unknowns,
and ¥z is the right hand side. Conceptually, the grid hierarchy used within the multigrid
procedure is the composite grid hierarchy de ned above. In practice, we design the
implementation to be patch based(seex4). A simple 1D AMR patch hierarchy is illustrated
in Figure 1. In the "gure, the dots represern grid points and the vertical lines represen either
a physical boundary or a patch boundary. A patch is a maximal set of contiguous grid points
on a given level of the grid hierarchy. There can be multiple patches per level, although the

Copyright °¢ 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 0:0{0
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Figure 2. Composite grid hierarchy corresponding to the sample grid in Figure 1.

grid hierarchy in Fig. 1 has only one patch per level. Figure 2 illustrates the corresponding
composite grid hierarchy for the simple 1D example.Each level in this composite grid hierarchy
is a composite grid de ned in (2). Equation (3) is de ned on the highest level composite grid,
namely & M Operators L . are matrices represeting the discretizations on composite grids
o for all *. In x4, we de ne patch basedversionsof the discrete operator.

3. An Example

This section describesthe tools that are neededto de ne patch basedversionsof the discrete
operators used by the multilevel method preseried in x4. The speci ¢ form of equation (1)
that this discussionwill addreslsis

ir ¢(ar u)=7%; in-;
u="°,; on @ ;

where - is a rectangular domain and ° is a constart. In addition, this example will assume
isotropic meshspacingh = ¢ x = ¢y. To discretize the variable coetcient problem we use
a control volume approad [11]. Fig. 3 illustrates the stencils for an interior cell, an edgecell
and a corner cell. The region within the dashedlinesis the control volume, denotedby V. The
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Figure 3. Stencils. The dark lines in (b) and (c) represert boundaries.
boundary of the control volume, represerted by the dashedlines, is denoted by @/. Formulas
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for the stencils are achieved by discretizing the integral form

y4 Y4
@

i a— = Ya:
a @ v
The formula for interior cells is the usual, the same as for vertex certered grids. The
discretization for the edgestencil gives

an(Un i Uo) .3 . as(uoi us) 3
Cy ¢4¢x i Cy ¢4¢x+
@e(Ue j Uo) aw(Uo i Uw) _ .3 "
%q:x ¢ty ¢ x ¢ty = 4ttxtl:y/g;,

which reducesto

8 4 4 8
(an + as + 38t :—gaw)uoi nln i BsUsi Zawlw i Faele = h2Ys;

assumingh = ¢ x = ¢ y. The discretization for the corner stencil gives

an(uln i Uo) (3¢ i 3s(Uoi Us) (3,
ley 4 ¢y 4
Ae(Uei Uo) .3 aw(Uoi Uw) .3

¢4—1¢ V=i gtt XC yYa;

AR 16

¢ x ¢ x

which reducesto

(§a s 3548 +£'a)u ' §au | e Zauu 8 Ue = h?%:
3n 33 Bae 3w 0l3nnl3ssl3awwlgaee— R
whenh=¢x=¢y.

In order to apply the discrete operator at interfaces between coarseand ne grids, ghost
points are interpolated around patches. These ghost points are usedto complete the stencils
on the "ne grid side of interfaces. A °ux matching procedure, employing the ghost points, is
usedto de ne the operator on the coarsegrid sideof an interface. The ghostpoint interpolation
and °ux matching proceduresare described in the following subsections.

3.1. Ghost Point Interpolation

In order to apply regular stencils at the boundary points of patchesand enforce®ux matching
at the coarse- neinterfaces,we needto interpolate valuesat ghost points around the edgesof
the patches. This section explains how to do theseinterpolations. They are necessaryfor both
of the patch basedoperators L and L™* deed in x4.

3.1.1. One Coarse-Fine Interface Valuesare neededat the - ghost points for the one-sided
coarse- neinterface illustrated in Figure 4(a). There are two steps.

Step 1: Compute valuesfor the the ® points. Let a= u( %), b= u( %) andc= u( %), and
let h be the meshspacingon the ner grid. We derive a C! quadratic interpolation formula

u(x) = Co + C1X + CoX7;

Copyright °¢ 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 0:0{0
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Figure 4. Interpolation of Ghost Points. The dark edgein (c) indicates a boundary.

whereco = a, ¢ = 2(bi 2icj 2a), andc, = A(%ci b+ %a). Then
U(®1) = o+ SN + G(Sh)? , and u(®2) = ¢ + Ca(oh) + CalSh)?:

Step 2: Compute valuesfor the - points. Let a= u(2g), b= u(?-) andc= u(®;), andlet h
be the meshspacingon the ner grid. Again, we derive a C! quadratic interpolation formula
using

u(x) = Co + CaX + CoX7;
whereco = @, ¢ = | 3-(21aj 25b+ 4c), and ¢, = 2>(3aj 5b+ 2c). Then
u(- <) = co + c1(2h) + cp(2h):
The procedureis analogousfor the other - point.

3.1.2. Two Coarse-Fine Interfaces Ghost point interpolation at a two-sided coarse- ne
interface is illustrated in Figure 4(b). Again, values are neededat the - points, and there
are two steps. The notation ¢;.1,»4 refers generically to the coextcients assaiated with ead
interpolation. The valuesof the coexcients are not the samefor every interpolation.

Stepl: Usethe samesystemasin Stepl of x3.1.1,oncein ead direction, to getthe coetcents
Ci0:1;2g Neededto compute valuesfor the ® points.

Step 2: Usethe samesystemasin Step 2 of x3.1.1, twice in the x-direction and oncein the
y-direction, to get the coetcents C;o.1.29 Neededto compute valuesfor the - points.

3.1.3. At a Boundary Ghost point interpolation at a coarse- ne interface adjacert to a
boundary is illustrated in Figure 4(c). Once again, values are neededat the - points, and
there are two steps.

Step1: Compute valuesfor the ® points asin Step1 of the previous sections.Usea = u( Y),
b=u( %) andc= u( 9.

Step 2: Compute valuesfor the - points by the samesystemasin Step 2 of x3.1.1.

Copyright °c 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 0:0{0
Prepared using nlaauth.cls



CACHE AWARE AMR MG 7

3.2. Flux Matching

This section introducesthe °ux-matc hing computations. Flux matching is usedto avoid one-
sided derivatives and presere C! cortinuity. It is necessaryfor the patch basedoperator L
usedin x4.

t t
n n
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th _[" th o [" tho_ B __]
=N to :be_ te WZ;WZ to Eté te WZEWZ Ltr:) ibe_ te
I;v_ltWLl ® %19?1 ® wLuk/JvT ®
S--b._. b o, b
S ‘151 |r52 LS
t S1 So
S S
() (b) (c)

Figure 5. Flux matching for the variable coetcient case.The dark edgein (c) represerts a boundary.

SeeFig. 5 for illustrations. The regions within the dashedlines are the cortrol volumes,
denoted by V. The boundary of the cortrol volumes, represernted by the dashed lines, are
denoted by @/ .

The grid points on edgesrepresert coexcient values. The grid points in cells represen
solution values, as usual. For example,a, = a( k,%) and u, = u( Y.

Discretizing the integral form 7 Z

i a@ = %
a O v
gives
i (fni fs+fei fy)= hzl/é;
wherethe °uxes f.se.w g for the di®erert casesare givenin the following sections(assuming
isotropic meshspacingh= ¢ x = ¢y).

3.2.1. One Coarse-Fine Interface SeeFig. 5(a). The °uxes for this caseare
fn=an(uni Ug); fs=as(Uoi Us);

fe= @(Uei Uo); fw = aw,(Ugi Uw,)+ aw, (Ui Uw,):

3.2.2. Two Coarse-Fine Interface SeeFig. 5(b). The °uxes here di®er from x3.2.1 only in
the south °ux:

fs=as,(Upi Us))+ as,(U- i Us,):
3.2.3. At a Boundary SeeFig. 5(c). The °uxes for this caseare
fn=2an(Uni Uo); fs=as(Uoi Us);

fe= 2ac(Uei Uo); fw = aw,(Upi Uw,)+ 38w, (U= i Uy,):

Copyright °c 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 0:0{0
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4. Adaptive Mesh Re nement Multilev el Method

Algorithm 1 AMR Multigrid V cycle.
MG( er ;e Ame )

1. if ~ == 1then

22 eAS(e;r)ono

3 A A A" 4+ ¢ onm | P(a *!)
4:  return

5. end if
6
7
8
9

2 if T == “hax then
=% L"AGATY
:end if
;e A0eltADO
10 e A S(e;r)onno
11: A K e + A onn | P(a ')
20 Arj L™ (e;ei)ona
13:riYAPf onP(r)
14 r i LA i 1i L‘i 1(A‘;temp ;A‘i 1;A‘i 2) on g i 1i P(G\)
15 MG( “j Lei Lzt Ama)

16:e Ae+Riteil

1r Arj L™ (e;ei)ona

188 A0

19: 8 A S(e;r)onao

20.e Ae+&onn

21: Amx A A" + ¢ ono | P(a *1)

The AMR multigrid algorithm is shown in Alg. 1. The patch baseddiscrete operators L
and L™ are restrictions of the composite grid operator onto the patcheson level * with the
interfacesbetweencoarseand ne patcheshandled by ghost points and °ux matching asshaown
in x3. The operator L operateson o P(a \+1) using ghost points to completethe stencil at
the exterior boundary of the patch and using °ux matching to update the points at interior
boundaries where there are ner grid patches. The operator L operateson ertire patches
o ignoring ner levels and, hence,doesnot require the °ux matching procedure.

4.1. Post-smathing only

Alg. 1 can be sped up considerably by only doing post-smaothing, as illustrated in Alg. 2.
There are seeral advantagesto this approad:

1. The initial guessonly needsto be set (to 0) on the basegrid.

Copyright °c 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 0:0{0
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Algorithm 2 Multigrid V cycle with post-smaothing only
MG (e ;r % Ame )

1 if T == “qhax then

2 r =% L"AATY

3: end if

4 if ~ == 1then

5 eA DO

6: SolelLlet=rlona!

7: else

& riltAPr onP()

9 rilAwnil; LiYA;ATLAT ) one il P@)
100 MG (j Leil;ril:il; Ama)

11: e A R e ! flIncludesinterpolation of ghost points.g
122 e AS(e;r)onm

13: end if

14 Amx A Amx 4+ g ona | P(a *1)

. There is no needfor a temporary correction A*®™ on the projection side of the V cycle.

. f doesnot needto be computed.

. The residual is only computed on one side of the V cycle.

. There is no correction after interpolation and no needfor an intermediate correction step
before updating A™m>

. The residual is not updated on the interpolation side of the V cycle.

gab~wiN

(9]

5. Cache Aware Gauss-Seidelnd V Cycle

Consider naturally ordered Gauss-Seidelrestricted to matrices A; which are based on
discretization methods which are local to only 3 neighboring rows of the grid. Partition the
grid into blocks of = rows, and let m be the number of smoothing iterations required. It is
necessarythat “+ mj 1lrowsofan NEN grid G t entirely into cace simultaneously and
that m< °

There are two special casesto the cace aware algorithm: the “rst block of rows and the
rest of the blocks.

The “rst caseis for the rst * rows of the grid. The data assaiated with rows 1 to ~ is
brought into cache. The data in rows 1to ~j m + 1 are updated m times, and the data in
rowsj, i m+ 2-j- ", areupdated " j j + 1times.

The secondcaseis for the rest of the blocks of * rows of the grid. Oncethe rst block of grid
rows is partially updated, we have a secondblock to update and must also nish updating the
st block of grid rows. After the i" update in the secondblock, we can go badk and update

Copyright °c 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 0:0{0
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10 D. T. THORNE

rows " downto " j i+ 1lin the rst block of rows, always performing the updatesin the order
that presenesthe dependenciesin the standard iteration (so that the cate aware iteration
will achieve bitwise the sameanswer as the standard iteration). This procedure is repeated
in the remaining blocks of rows until all the blocks are updated. In e®ect,this is a domain
decomposition methodology applied to the standard iteration. The result is that m updates
are done while bringing all the data through cade only onetime.

5.1. Multigrid with the residual computation integrated into the smaother

Integrating the residual computation with the cade-avare smoother can give better cade-
e®ectsin multigrid. Call this the combined smaother. The combined smoother is implemented
for the post-smaothing only version of the algorithm.

The combined smoother computesthe residual to be usedin the next V cycle. It can only
compute the part of the residual that is not covered by "ner patches. On the projection side
of the V cycle, the projection of the part of the residual that is from ner patchesmust now
include the application of the °ux matching procedure, becauseinformation neededfor the
°ux matching is not available when the combined smaoother is called.

A complication to interleaving the residual computation with the cade aware smoother is
that, in the V cycle, the residual is updated and concurrertly used as the right hand side
for the Gauss-Seidelupdates. So the residual updates needto be postponed long enough to
avoid changing the right hand side for a subsequeh Gauss-Seidelpdate. In addition, residual
updatesat the patch boundariesrequire updated ghost points around the patch, soghostpoint
interpolation must also be interleaved with the cache aware smoother.

5.2. E®ets of the Coexcient Matrix

The coezcient matrix has an e®ecton the cade optimizations since it has to go through
cade along with the solution and right hand side. In an attempt to minimize the e®ect,we
tried storing the right hand side in the coet+cient matrix in an interleaved manner. Hence,for
a given grid point, the coetcients and the right hand side neededto update that point are
cortiguous in memory. However, the split residual computation complicatesthis approach. On
every level, there are parts of the domain where the residual has to be computed from the
right hand side, and there are parts of the domain where the residual is projected from "ner
levels. Depending on the context, the right hand side entries in the coexcient matrix might
needto be either the original right hand side or the current residual. Updating the state for a
given context involvescopieswhich slow the algorithm. Resultsin the AMR cortext are better
when the right hand side and residual are separatefrom the coexcient matrix.

6. Numerical Results

This section shows results on the hierarchies illustrated in Fig. 6 and also on a full domain
re nement hierarchy (i.e. regular, non-AMR multigrid). The re nement patterns are not
meaningful to the nature of the problem being solved here. They are cortrived merely to
demonstrate the behavior of the algorithm. The AMR basegrid in 6(a) is 128£ 512 grid
points, and there are three levels of re nement above that (although only two are illustrated).
The AMR basegrid in 6(b) and 6(c) is 256£ 1024 grid points, and there are four levels of

Copyright °c 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 0:0{0
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Figure 6. (a) One re nement per patch. (b) Two re nements per patch. (c) Four re nements per patch.
Cacdhe Aware Smoother | Cache Aware MG
Full Domain 1.3530 1.6335
One Patch 1.2522 1.7120
Two Patches 1.2550 1.8221
Four Patches 1.2415 1.6780

Table I. Itanium 1 speedupsversus standard multigrid.

Cache Aware Smoother | Cache Aware MG
Full Domain 1.2080 1.4057
One Patch 1.1697 1.5791
Two Patches 1.1519 1.6245
Four Patches 1.1352 1.5176

Table I1. Itanium 2 speedupsversus standard multigrid.

re nement above that (although only two are illustrated). Geometric multigrid is usedasthe
solver on the AMR basegrid. The full domain re nement casestarts on an 8 £ 32 basegrid
and has a total of 7 grid levels.

The tables show results for the AMR multilev el method employing the cache-awae smoother
and the combined smaother (as described in x5.2) comparedwith a standard implementation
of the smoother. We call the combined smoother casecache aware multigrid .

The base grid discretizesthe rectangle [0; 1] £ [0;4]. The right hand side of the Poisson
equation is chosen so that the solution is u(x;y) = sin(¥x) sin(l//y:4)xe"2+(3’:"')2 and the
coexcient is a(x;y) = 1+ sin(¥x) sin(%y=4)xex2+( y=9*  The initial guesson the base grid
is u= 0, and the corvergencecriteria is jjrcjj < 10 8jj%4jj.

Table | shaws the results of the set of experiments run on an Itanium 1. Table Il shows the
results of the set of experiments run on a Itanium 2. Table 111 shows the results of the set of
experiments run on a Pertium I11. Table IV shaws the results of the set of experiments run on
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Cache Aware Smoother | Cache Aware MG
Full Domain 1.4339 1.6402
One Patch 1.3500 1.8728
Two Patches 1.3161 1.8257
Four Patches 1.1478 2.1175

Table I11. Pentium I11 speedupsversus standard multigrid.

Cache Aware Smoother | Cache Aware MG
Full Domain 1.1434 1.3000
One Patch 1.0675 1.3379
Two Patches 1.0713 1.4019
Four Patches 1.0548 1.2758

Table IV. Pentium IV speedupsversusstandard multigrid.

Machine Speedup
Pentium 111 2.3431
Pertium IV 1.2298
ltanium 1 1.8721
[tanium 2 1.5209

Table V. Speedupsfor the cache aware smoother alone.

a Pertium 1V. Theseexperiments show the speedupsassaiated with the cadce optimizations.
The timings measureonly the solution procedure. They do not include initialization of the
hierarchy, coexcient matrix and right hand side. The total speedupsare up to about a factor
of two. Table V shaws the speedupsassaiated with performing smoothing alone, outside of
the context of a multilev el method.

The speedups(not shown) for doing post-smaothing only versusdoing pre-smaothing and
post-smaothing are around 20% with the cade aware smoother. Note that both casesdo the
sametotal number of smoothing iterations per level. In particular, the pre-/p ost-smaothing
caseuses2 smoothing iterations on ead side of the V. The post-smaothing only caseuses4
smoothing iterations on only one side of the V.

6.1. Conclusions

We experimented with cadche aware smoothers and integration of the residual computation with
the cathe aware smoother. Both of thesegive good speedupsin many cases.The integration of
the residual computation is especially useful for getting good speedupson AMR hierarchies.

Modifying the algorithm to do post-smaothing only is key to realizing good performancein
the AMR context. It takesbetter advantage of the cache aware smoother sincethe smoothing
iterations on ead level are all cortiguous.

Future plans for this researd include experimenting with three dimensional problems and
parallel algorithms. Progressis already being made toward both of those topics. In addition,
we are going to experimert with a variety of other cache optimization techniques(beyond mere
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row basedblocking). The 3D case,in particular, needsmore sophisticated approaches,suc as
those discussedin [7].
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