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1. In tro duction

The shallow water equations are good approximations to the equations of °uid
motion whenever the °uid's density is homogeneous,and its depth is much smaller
than a characteristic horizontal distance.
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2 Solution Strategies for SEOM

The shallow water equationscan be written in the vector form:

~ut + gr ³ = ~F (1.1)

³ t + r ¢[(h + ³ )~u] = Q (1.2)

where ~u = (u; v) is the velocity vector, ³ is the seasurface displacement (which,
becauseof hydrostaticit y, also stands for the pressure),g is the gravitational accel-
eration, h is the resting depth of the °uid, Q is a masssource/sink term. Finally,
~F = (f x ; f y ) is a generalizedforcing term for the momentum equations that in-
cludes the Coriolis force, non-linear advection, viscousdissipation, and wind forc-
ing. Appropriate boundary conditions must be provided to complete the system.
For simplicit y, we assumeno-slip boundary conditions.

Theseequations are often usedto model the circulation in coastal areasand in
shallow bodies of water. Their virtue is that they reduce the complicated set of
the 3D equations to 2D, but are still capable of representing a large part of the
dynamics. The shallow water equations also arise frequently in the solution of the
3D primitiv e hydrostatic equations if the top surface of the °uid is free to move.
The presenceof the freesurfaceallows the propagation of gravit y wavesat the speed
of

p
gh. The gravit y wave speed can greatly exceedthe advective velocity of the

°uid in the deep part of the ocean and results in a very restrictiv e CFL limit in
order to maintain stabilit y in 3D oceanmodels.12;13

In order to mitigate the cost of oceansimulations, modelersoften split the dy-
namics into a barotropic depth-integrated part (external mode), and a baroclinic
part (internal modes). The barotropic equationsare akin to the shallow water equa-
tions and govern the evolution of the gravit y waves. The gravit y wavespeedstabilit y
restriction on the baroclinic part is removed and the 3D baroclinic equations can
be integrated explicitly using a large time step. The barotropic equations on the
other hand are either integrated explicitly using small time steps that respect the
CFL condition for the gravit y waves, or implicitly using a stable time-di®erencing
scheme13.

Implicit integration results in a systemof equationsthat hasto be solved at each
time step. A direct solver can perform adequately only if the number of unknowns
is small. For large problems,however, memory limitations precludethe useof direct
solversand iterativ e solversare required. The choiceof a robust and e±cient solver
will determine the cost e®ectivenessof any implicit method.

We usethe multila yered isopycnal Spectral Element OceanModel12;13 (SEOM).
An isopycnal is a constant density surface. In this casethe normal to the back of a
wave is the isopycnal surfacethat interests us.

The novel feature of SEOM is the combination of isopycnal coordinates in the
vertical and spectral element discretization in the horizontal. The bene¯ts of the
spectral element discretization include: geometric °exibilit y, dual h-p paths to con-
vergence,low numerical dispersionand dissipation errors, and densecomputational
kernels leading to extremely good parallel scalability.
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Isopycnal models, often referred to as layered models, divide the water column
into constant density layers. This division is physically motivated by the fact that
most oceaniccurrents °ow along isopycnal surfaces.Mathematically, it amounts to
a mapping from the physical vertical coordinate z to a density coordinate system.
The rational for a layered model include: easeof development (since it can be
achieved by vertically stacking a set of shallow water models), minimization of
cross-isopycnal di®usion, elimination of pressuregradient errors, representation of
baroclinic processes,and cost savings over a fully three-dimensional formulation.
Processesamenableto investigation with the layeredmodel include the wind-driv en
circulation, eddy generation, and (in part) °ow/top ography interaction.

In Sec.2, we de¯ne a ¯ltering processthat occurs betweenthe layers. In Sec.3,
we de¯ne and analyzea Schur complement preconditioner. In Sec.4, we de¯ne and
analyzea lumping of small entries and an algebraicmultigrid (AMG) algorithm. In
Sec.5, we de¯ne and analyzea algebraicmultigrid with patch smoothing algorithm.
In Sec.6, we draw someconclusionsbasedon the memory impact of the algorithms
and computer times for an example.

2. Filtering

Ocean modeling with spectral element ¯ltering 14 approximates the fully coupled
3D model using N ` (e.g., 5) coupled layers of 2D models in di®erent water depths.
Fig. 4 contains a realization of how the layers appear near a coastal region.

Time discretization uses an implicit scheme and the 2D space discretization
usesthe samemesh ¿h with quadrangle ¯nite elements ±( r ) for each layer. N v -th
(e.g., 7 ¡ th) order test functions are used for the velocity in x-directions (u) and
y-direction (v) in each element. (N p = N v ¡ 2)-th (e.g., 5¡ th) order test functions
are usedfor the layer thickness(»).

We will concentrate on a speci¯c example using N ` = 5, N v = 7, and N p = 5.
Fig. 1 shows typical referencespectral elements. Fig. 2 contains the surface grid
of a particular example for studying wind driven circulation in the North Atlantic
Basin (formally known as the NAB08 dataset). The grid is relatively small and has
coarseresolution: it has 792 elements, 39610 velocity nodes, and 20372 pressure
nodes. Fig. 3 combines features from Figs. 1 and 2. There is an h-p ¯nite element
grid, but inside of each element is the spectral element grid, too.

We follow a particular ¯ltering technique14. Starting with u and v, a vortex and
divergencecalculation takes place that producesa vector ef . It turns out that we
have to solve the Laplace equation after the ¯ltering twice on each layer for each
time step, i.e., for velocity in x-direction:

¡ ¢ eu = ef in ­ + B:C: on ¡ = @­ : (2.3)

The boundary conditions usually consistof a mixture of homogeneousDirichlet B.C.
(rigid wall) and homogeneousNeumann B.C. (free-slip boundary). The equation
for the velocity in y-direction is similar with a di®erent right hand side.
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Fig. 1. Gauss-Lobatto points for the velocit y (left) and pressure (righ t) unknowns in a typical
spectral element.

Fig. 2. North Atlan tic grid (NAB08) with surface mesh spacing (km) color coded.



Solution Strategies for SEOM 5

Fig. 3. Actual subgrid inside an element.

Fig. 4. Fiv e layers.
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The ¯nite element functions de¯ned on the ¯nite element discretization of do-
main ­ span the ¯nite element function space©F E M . Using the ¯nite element
isomorphism lets us replace solving the scalar PDE (2.3) by instead solving the
system of equations

K ¢u = f : (2.4)

The matrix K can be written as sum of the ne element matrices, i.e.,

K =
neX

r =1

K ( r ) :

For ¯nite elements consistingof 8£ 8 nodesand the element matrices K ( r ) are64£ 64
densematrices. Therefore, the number of non-zeroelements N N Z (i ) in a row i of
matrix K is 64, 120, or 225 for nodes in the interior, on the edges,and in the
vertices of the ¯nite element. The matrix K is not stored since it has excessively
large storagerequirements. In addition, K ( r ) ! ( r ) can be computed in a matrix-free
manner very quickly due to the tensor product structure of the elements.

All nodessharedby more than one element will have added a subscript B . The
remaining nodeswill have added a subscript I . Hence,we can rewrite (2.4) so that
the sparse,but denseblock structure of K is obvious. Let

K B =
neX

r =1

K B ;r :

Then
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: (2.5)

A well known solution method for (2.5) is the classical element by element
method (EBE):
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Algorithm 1 ClassicalEBE-method
1. for all r = 1; : : : ; ne
2. SB ;r := K B ;r ¡ K B I ;r K ¡ 1

I ;r K I B ;r

3. end for
4. SB :=

P ne
r =1 SB ;r

5. for all r = 1; : : : ; ne
6. Solve K I ;r ¢buI ;r = f

I ;r
7. end for
8. g

B
:= f

B
¡

P ne
r =1 K B I ;r buI ;r

9. Solve SB ¢uB = g
B

10. for all r = 1; : : : ; ne
11. Solve K I ;r ¢uI ;r = f

I ;r
¡ K I B ;r uB ;r

12. end for

The Classical EBE method can also be written in terms of a triple factorization
of K :
µ

I B K B I K ¡ 1
I

0 I I

¶ µ
SB 0
0 K I

¶ µ
I B 0

K ¡ 1
I K I B I I

¶
¢
µ

uB
uI

¶
=

µ
f

B
f

I

¶
(2.6)

with SB = K B ¡ K B I K ¡ 1
I K I B . If we de¯ne

P(E H B ) =
µ

I B

¡ K ¡ 1
I K I B

¶
;

then this triple factorization can alsobe interpreted aschangeof the function space

©F E M = ©F E M
I [ ©F E M

B

into a function space
©E H B = ©F E M

I [ ©E H B
B

with
©E H B

B = ©F E M ¢P(E H B ) :

Hence,P(E H B ) transforms the ¯nite element spaceof the boundary node functions
into the spaceof the discreteharmonic extensionsof thesefunctions. We call ©E H B

the exact discrete harmonic basis and SB is the representation of K in the basis
©E H B

B . In fact, SB is exactly the matrix from the Galerkin approach

SB = PT
(E H B ) ¢K ¢P(E H B )

=
¡

I B ¡ K B I K ¡ 1
I

¢
µ

K B K B I

K I B K I

¶ µ
I B

¡ K ¡ 1
I K I B

¶
:

(2.7)

The oceanmodeling code usesa versionof the ClassicalEBE algorithm. The di®er-
encesconsist of skipping the statement in line 4, in storing the Schur complement
element matrices SB ;r and using them in a diagonally preconditioned conjugategra-
dients (CG or PCG) for solving the Schur complement systemin line 9. Therefore,
this solver is easyto parallelize.
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We will discussin the following sectionssomealternating approachesfor solving
(2.4), or (2.5) respectively. We used the NAB08 data set for our experiments and
assumethat °oating point numbers are 8 Bytes long and integer numbers are 4
Bytes long. Table 1 contains a set of variables and their storageestimates.

Table 1. Variables and values for processor0.

variable description value on processor0
ne number of elements 99
nn number of nodes 5146
ndelbnd number of B-nodes 1582
negdes number of element edges
ncorners number of element vertices
npts nodesper direction in an element 8
nint I-nodes in an element (npts ¡ 2)2 = 36
nbnd B-nodes in an element 4(npts ¡ 1) = 28

3. A Schur Complemen t Preconditioner

The given code solvesthe Schur complement system

SB ¢uB = g
B

(line 9 in the ClassicalEBE algorithm) using a (parallel) diagonally preconditioned
CG algorithm. It stores in each element r the matrices K ¡ 1

I ;r , K I B ;r , SB ;r and
the diagonal of the Schur complement. Hence, the following amount of storage is
required:

M (CG(SB )) =
£
ne ¢(nint 2 + nint ¢nbnd + nbnd2) + ndelbnd

¤
¢8Bytes

= 2:35MBytes:

The diagonal preconditioner in the Schur complement CG can be replacedwith
a better preconditioner. First we have to split the B-nodes into edgeand vertex
nodes(denoted by the subscripts \E" and \V") to get the block structure

SB =
µ

SV SV E

SE V SE

¶
:

Next we factor SB similarly to the factorization of K in (2.6):

·µ
I V SV E S¡ 1

E
0 I E

¶ µ
SV ¡ SV E S¡ 1

E SE V 0
0 SE

¶

µ
I V 0

S¡ 1
E SE V I E

¶¸
¢
µ

wV
wE

¶
=

µ
r V
r E

¶
:

(3.8)
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As in Sec.2, we could usethe exact harmonic transformation
µ

I V

¡ S¡ 1
E SE V

¶
;

but the matrix SE has no block diagonal structure. Hence, an exact inversion is
simply too costly. We approximate the exact basistransformation ¡ S¡ 1

E SE V using
a matrix weighted linear interpolation TE V . This results in the basistransformation
operator

P(H B ) =
µ

I V

TE V

¶
;

which converts
©E H B

B = ©E H B
E [ ©E H B

V

into the hierarchical basis
©H B

B = ©E H B
E [ ©H B

V

with
©H B

V = ©E H B
B ¢P(H B ) :

Finally, the Galerkin method representation of SB in the basis©H B
V is

bSV = PT
(H B ) ¢SB ¢P(H B ) = SV + TT

E V SE V + SV E TE V + TT
E V SE TE V ; (3.9)

which is easily implemented using an algebraicmultigrid (AMG) coarseningroutine.
As an intermediate step for the preconditioner, we have the matrix

µ
I V ¡ TT

E V
0 I E

¶ µ
bSV 0
0 SE

¶ µ
I V 0

¡ TE V I E

¶
:

The inversion of the two block tridiagonal matrices is easy, but we also have to
invert the block diagonal matrix in the middle.

The matrix bSV has only O(ne) rows with at most 9 entries per row. We can
either invert bSV directly or usean inexpensive iterativ e scheme.

The arithmetic costof inverting SE is nearly the sameasinverting SB . Therefore
we approximate SE by a block diagonal preconditioner

CE = blockdiagf CE;k gne
k=1

with submatricesof dimension (npts ¡ 2)£ (npts ¡ 2). One option in choosing CE ;k

is to copy all entries from SE with rows and columns from nodes of edge k and
lump the remaining matrix entries into the main diagonal. Alternativ ely, we could
chooseCE ;k using a method proposedby Dryja 7.

Applying our inversepreconditioner to the correction step CB wB = r B in the
CG looks like

µ
wV
wE

¶
=

µ
I V 0

TE V I E

¶ µ
bS¡ 1

V 0
0 C¡ 1

E

¶ µ
I V TT

E V
0 I E

¶
¢
µ

r V
r E

¶
: (3.10)
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This preconditioner CB for SB is analogousto the domain decomposition precon-
ditioner proposedby Bramble, Pasciak, and Schatz.1;2;3;4

With w =
¡
wT

1 ; : : : ; wT
ne

¢T
, we can formulate the preconditioning step in the

Schur complement CG.

Algorithm 2 Schur complement preconditioner: CB wB = r B
1. br V := r V + TT

E V ¢r E

2. Solve bSV ¢wV = br V

3. For all k = 1; : : : ; ne
4. Solve CE ;j ¢bwE ;j = r E ;j
5. End for
6. wE := bwE + TE V ¢wV

In a preprocessingstep, the matrices bSV , CE ;j , and the weights in the linear inter-
polation TE V are calculated. The small (npts ¡ 2)£ (npts ¡ 2) = 6£ 6 matrices CE ;j

are easily inverted in a preprocessingstep. So the application of C ¡ 1
E ;j only consists

of a matrix-v ector multiply . Depending on the sizeof bSV , we can solve the system
in line 2 of Alg. 2 via a direct (parallel) solver or by somefast (parallel) iterativ e
proceduresuch as either AMG or AMG with element preconditioning.11

Assuming nedges ¼ 2¢ne, ncorners ¼ ne, and that bCV is stored in the compact
row storageformat,8 the components of CB require the following amount of storage:

M ( bSV ) = ne ¢(9 ¢12Bytes + 4Bytes) = 0:01MBytes

M (C¡ 1
E ) = ne ¢(npts ¡ 2)2 ¢8Bytes = 0:06MBytes

M (TE V ) = ne ¢(npts ¡ 2) ¢8Bytes = 0:01MBytes:

Hence,the the preconditioner and Schur complement CG require

M (CB ) = M ( bCV ) + M (C¡ 1
E ) + M (TE V ) = 0:08MBytes

M (PCG(SB )) = M (PCG(SB )) + M (CB ) = 2:43MBytes;

Note that the Schur complement preconditioner only requires4% more storagethan
the Schur complement CG.

Finally, parallelization of Alg. 2 is straightforward to implement.

4. Lumping of Small En tries and AMG

The primary roadblock in applying an alternate algorithm to solve (2.4) consists
in how to reduce the huge amount of storage required to store the matrix. The
averagenumber of nonzeroentries per row is 81 and so K (which is assumedto be
stored in the compressedrow storage) requires

M (K ) = nn ¢(81 ¢(12Bytes) + 4Bytes) = 4:79MBytes:

This is a small amount of memory unlessthere are thousandsor millions of elements.
If we store the element matrices K r instead of the accumulated one we have

M (K r ) = ne ¢(npts2)2 ¢8Bytes = 3:10MBytes:



Solution Strategies for SEOM 11

An analysis of the matrices K r shows that many matrix entries are extremely
small. So we lumped all entries K r ;i;j with an absolute value smaller than 10% of
the main diagonal entries K r ;i;i and K r ;j ;j into the main diagonal. We denote the
resulting matrices by Cr . The condition number of this element preconditioning is
· (C¡ 1

r K r )¼9. The advantage of this approach consists in a remarkable decrease
of memory required for storing all Cr . In our example, the resulting matrix C =P ne

r =1 Cr possessesnnz = 34720non-zeroentries, i.e., lessthan 7 entries per matrix
row.

M (C) = nnz ¢12Bytes + nn ¢4Bytes = 0:42MBytes:

The matrix C is still symmetric and positive de¯nite. Unfortunately, neither C nor
K are M-matrices, but the positive o®-diagonalentries in C are smaller by oneorder
of magnitude than the main diagonal entries. This gives us hope that a parallel
AMG algorithm9;10 will work.

The given code has a routine for the multiplication K ¢v without storing the
matrix. An appropriate matrix freeCG is alsoavailable. Oneor two AMG iterations
with the matrix C is a very good preconditioner for the CG, decreasingthe number
of CG iterations dramatically. This AMG requires approximately

M (AM G(C)) ¼ 3 ¢M (C) = 1:26MBytes:

The multiplication K ¢v can also be acceleratedby storing the element matrices
and taking into account symmetry. Therefore we only have to store

M (K sy mm
r ) = ne ¢

npts2(npts2 + 1)
2

¢8Bytes = 1:57MBytes:

Hence,the matrix free and stored matrix versionsof the preconditioned CG require

M (PCG; AM G(C)) = M (AM G(C)) = 1:26MBytes

M (PCG; K sy mm
r ; AM G(C)) = M (AM G(C)) + M (K sy mm

r ) = 2:83MBytes:

A version of AMG that takes the symmetry of the matrices into account would
decreasethe storage requirements for the AMG signi¯cantly (down to 60%), but
this version of AMG requires signi¯cant additional programming.

5. Multigrid with Patc h Smo othing

Another approach is to construct a preconditioner for the matrix K consisting of
applying a two grid technique to reducethe amount of data per element. This two
grid technique requires the samealgorithmic components as multigrid, namely, an
interpolation operator, a coarsegrid matrix (and solver), a smoother, and defect
correction calculations.

The original sti®nessmatrices K r results from 7th degreetest functions in both
directions on an element ±( r ) . We reducethe element information signi¯cantly if we
assumeonly linear test functions in both directions. The ¯ne grid basis is

©f = ©F E M = f ' 7th
i (x; y)gnn

i =1
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and coarsegrid basisconsistsof

©c = f ' 1th
j (x; y)gncor ner s

j =1 :

The interpolation matrix betweencoarseand ¯ne basis is de¯ned by

Pf c = f pij g i = 1; : : : ; nn
j = 1; : : : ; ncorners

=
©

' 1th
j (x i ; x i )

ª
i = 1; : : : ; nn

j = 1; : : : ; ncorners

:

Hence,©c = ©f ¢Pf c holds. The interpolation matrix Pf c can be stored elementwise
(the interpolation weights on the edgesare coherent). This allows us to apply a
theorem from parallel algorithms9 and to calculate the coarsematrix elementwise:

K c =
neX

r =1

K c;r =
neX

r =1

PT
f c;r ¢K r ¢Pf c;r :

Accumulation can be performed easily if that should be necessaryfor the coarse
grid solver. One choice for a coarsegrid solver is another application of the AMG
algorithm. The coarsematrix and the interpolation matrix require

M (K c) = M ( bSV ) = 0:01Mbyte

M (Pf c) = ne ¢4 ¢npts2 ¢8Bytes = 0:20MBytes:

The defect calculation requires K ¢v, which is already provided in a matrix free
routine.

We usea patch smoother with the elements as patches. Denoting by K r := K jr
thoseentries K ij of the accumulated matrix K with (x i ; yi ) 2 ±( r ) and (x j ; yj ) 2 ±( r )

then one iteration of the original patch smoother can be formulated as

Algorithm 3 Standard patch smoother: one iteration
1. For all r = 1; : : : ; ne
2. dr := f ¡ K ¢u
3. wr := K ¡ 1

r ¢dr
4. u := u + wr
5. End for

This smoother requires at least M (K ¡ 1
r ) = M (K sy mm

r ) = 1:57MBytes plus the
sameamount of storage if K r is also stored.

The storage requirements can be reduced signi¯cantly if we use the lumped
matrix C from Sec.4 and replaceK r by

Br := Cjr :

Formally,

Algorithm 4 Modi¯ed standard patch smoother: one iteration
1. For all r = 1; : : : ; ne
2. dr := f ¡ K ¢u
3. wr := B¡ 1

r ¢dr
4. u := u + wr
5. End for
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The local numbering of nodesin element ±( r ) has to be chosensuch that the band-
width of the sparsematrix Br is minimized, the typical bandwidth is 1 + 2npts (a
skyline storagemethod is also a possibility). Taking into account the symmetry of
Br needstorageof

M (Bsy mm
r ) = M ((Bsy mm

r )¡ 1) = ne ¢npts2 ¢(1 + npts) ¢8Bytes = 0:44MBytes:

Thus, this multigrid algorithm with a matrix free defect calculation requires

M (mg; K c; Bsy mm
r ; Pf c)) = M (K c) + M (Bsy mm

r ) + M (Pf c) = 0:65MBytes:

A defect calculation with explicitly stored element matrices K r requires

M (mg; K c; Bsy mm
r ; Pf c)) + M (K sy mm

r ) = 2:2MBytes;

i.e., approximately the same amount of storage as neededfor the already imple-
mented Schur complement solver.

Deriving Pf c;r on the referenceelement instead of the real element leads to ex-
actly the sameinterpolation weights. Hence,it is su±cient to store the interpolation
weights only once. This savesM (Pf c) in storage.

6. Numerical Exp erimen ts, Memory Impact, and Conclusions

One of the primary limiting featuresof oceanmodeling is memory. In this paper, we
have analyzedthree preconditionersfor SEOM from a memory viewpoint. What we
discovered for a ¯eld speci¯c example (the NAB08 dataset) is included in Table 2.

Table 2. Metho ds and memory requirements.

Method Section Memory (MBytes) Ratio
Schur-CG 2 2.35 1.000
Schur-PCG 3 2.36 1.004
AMG- K r 4 2.82 1.200
AMG(free) 4 1.26 0.536
AMG(free¤) 4 1.39 0.591
2-Grid(free¤) 5 0.96 0.408
2-Grid(free,Jacobi) 5 0.20 0.085

We ran four experiments on a singleprocessorin order to seehow the algorithms
compare. What we discovered for the NAB08 dataset is included in Table 3. The
total ¯ltering time (in seconds)includesthe preconditionedconjugategradient time.
The m£ n in method description in Table 3 refers to solving m times with n right
hand sides. Solving for the correct number of right hand sidessimultaneously allows
for better cache memory utilization. 5;6

We note that if we had only included CG iterations to convergence,we would
have declaredthe AMG(free) method the clear winner. However, using CPU time,
the Schur complement methods are clearly superior. While the algebraic multigrid
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Table 3. Metho ds and time comparisons.

Method Filter CG time CG iterations
10£ 1 AMG(free) 30.06 26.10 100
2£ 5 AMG(free) 29.22 25.38 135
10£ 1 Schur-PCG 8.89 5.36 278
1£ 10 Schur-PCG 8.70 4.99 300

approach gave rise to high hopes for running faster than the Schur complement
algorithms, in practice, we have not yet been able to accomplish that hope. We
consider realizing this hope to be future research.
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