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SUMMARY

This paper presents an application of non-nested and unstructured multigrid methods to linear
elastic problems. A variational formulation for transfer operators and some multigrid strategies,
including adaptive algorithms, are presented. Expressions for the performance evaluation of multi-
grid strategies and its comparison with direct and preconditioned conjugate gradient algorithms
are also presented. A C++ implementation of the multigrid algorithms and its quadtree and octree
data structures are discussed. Some two and three dimensional elasticity examples are analyzed.

1 Introduction

The application of the �nite element method [1] for solving linear elliptic problems requires the
solution of

Au = b; (1)

whereA is a symmetric matrix of order N and u and b are the vectors of unknown and independent
terms. Direct, iterative, and multigrid algorithms are commonly used to solve (1) when it is
su�ciently similar enough to Poisson's equation on an uniform mesh [1, 2, 11].

An example of a linear elliptic problem is linear elasticity. The weak form associated with a
linear elasticity problem is given by
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T (u) �E (v) dV =
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f �v dV; 8v 2 V; (2)

where V is the vector space of admissible displacements [17]. T is the Cauchy stress tensor and
f is the body force vector �eld. For a linear elastic problem, the stress tensor is related to the

in�nitesimal strain tensor E = 1

2

�
ru+ruT

�
linearly as T = C [E] = 2�E + �(tr E)I, where C

is the elasticity tensor, u is the displacement vector �eld, and � and � are the Lam�e's coe�cients.
The essential and natural boundary conditions on @
 are de�ned by u = 0 (x 2 �1) and Tn =
� (x 2 �2). We partition the boundary into @
 = �0 [ �1 [ �2 and �0 \ �1 \ �2 = ;. �0 is a
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part of the boundary @
 without any prescribed boundary condition, � is the surface force vector
�eld, and n is the outward normal vector. The discrete application of a Ritz-Galerkin method [1]
for problem (2) requires the solution of (1).

Multigrid methods use several meshes for solving (1). Computational elements like nested
iterations, coarse grid correction, transfer operators, and relaxation schemes are applied [2]. Tradi-
tionally, multigrid methods have been used with nested meshes. This simpli�es transfer operators,
mesh generation, de�nition of adaptive re�nement criteria [11, 19, 25], and convergence theory for
some class of problems [12, 18, 22].

However, engineering problems have complex geometries, which sometimes makes it di�cult
to generate a sequence of nested meshes. Thus, using non-nested approximation spaces is an
interesting option. This option was applied to 
uid 
ow problems in [21, 23] assuming that the
number of variables in the �nest mesh is su�ciently large so that the cost of mesh generation
is negligible when compared to the cost of solving the problem. Appropriate data structures are
necessary to transfer information among the meshes.

The convergence of non-nested multigrid methods is analyzed in [10, 14, 26]. The operators
and meshes used in this paper meet the requirements given in there. Hence, the convergence of our
multigrid methods applied to our examples is guaranteed.

This paper treats non-nested and unstructured multigrid methods applied to linear elastic prob-
lems. A generic variational formulation for restriction and prolongation operators is presented in
Section 2. Data structures for data retrieval between meshes are presented in Section 3. Multi-
grid strategies including adaptive procedures are presented in Section 4. CPU and memory costs
are presented in Section 5. A C++ implementation of the algorithms described in this paper is
presented in Section 6. The results for two and three dimensional linear elastic examples modeled
with triangular and tetrahedral �nite elements are presented in Section 7. Finally, we draw some
concrete conclusions in Section 8.

2 Variational Formulation of Operators

This section de�nes the restriction operators Ik�1k and the prolongation operators Ikk�1 that are
used to transfer information between two meshes 
k�1 and 
k. The approach used here is valid
for both nested and non-nested meshes. The de�nition allows transfer operators to be determined
for problems with multiple degrees of freedom (e.g., plate and shell bending and mixed models).
Its extension to nonlinear problems is immediate.

The following standard variational problem is solved by a multigrid method: �nd u 2 H1
0 (
)

such that

a(u; v) = b(v); 8v 2 H1
0 (
): (3)

H1
0 (
) is the Hilbert space whose elements are functions with zero values on the boundary, are

square integrable, and whose �rst derivatives are also square integrable.
The approximation by �nite elements and multigrid techniques requires solving the following

�nite dimensional problems: �nd uk 2 Vk such that

a(uk; v) = b(v); 8v 2 Vk: (4)

Vk is a �nite dimensional subspace of H1
0 (
).

For linear �nite elements, Vk(
) = fv 2 C0(
) j vjK is linear 8K 2 Tkg � H1
0 (
). C0(
) is the

space of continuous functions in 
 that are zero along the boundary. fTk; k = 1; 2; : : :g is a family
of non-nested triangular meshes in the 
 domain. Hence, Tk 6� Tk+1 and Vk(
) 6� Vk+1(
).
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Let the usual projection operator Ik in Vk be given by Ik : C0(
)! Vk(
) such that

u(x)! Iku(x) =
X

ni2Nk

u(ni)�k;i(x) = �k � uk:

Nk is the set of nodal points corresponding to partition Tk, �k;i(x) is the interpolation function
associated with node ni corresponding to the �nite element type de�ning the triangulation Tk, and
� and u are the vectors of the interpolation function and nodal values.

Let ~uk 2 Vk be an approximation to the solution of (4). The associated residual is

~rk(v) = b(v)� a(~uk; v) =
X

ni2Nk

[b(�k;i)� a(~uk; �k;i)]v(ni) = rk � vk; 8v 2 Vk: (5)

The residual is de�ned for all v 2 Vk. For v = Ikvk�1 2 Vk we can de�ne the functional rk�1k 2
L(Vk�1;<) by

rk�1k (vk�1) � ~rk(Ikvk�1) = b(Ikvk�1)� a(~uk; Ikvk�1)

=
X

ni2Nk

[b(�k;i)� a(~uk; �k;i)]vk�1(ni)

=
X

ni2Nk

0
@[b(�k;i)� a(~uk; �k;i)]

X
nj2Nk�1

vk�1(nj)�k�1;j(ni)

1
A

=
X

nj2Nk�1

0
@ X

ni2Nk

[b(�k;i)� a(~uk; �k;i)]�k�1;j(ni)

1
A vk�1(nj)

= rk�1 � vk�1: (6)

The transfer of the residual rk (which is related to ~uk) from mesh Tk to mesh Tk�1 consists in
determining the residual

rk�1 = Ik�1k rk = (Nk
k�1)

T rk; (7)

where

Nk
k�1 =

2
66664

�k�1;1(n1) �k�1;2(n1) : : : �k�1;Nk�1
(n1)

�k�1;1(n2) �k�1;2(n2) : : : �k�1;Nk�1
(n2)

...
...

...
...

�k�1;1(nNk
) �k�1;2(nNk

) : : : �k�1;Nk�1
(nNk

)

3
77775
Nk�Nk�1

: (8)

Note that Ik�1k is a Nk�1 � Nk sparse matrix. Its generic element (Ik�1k )pq = �k�1;p(nq); p 2
f1; : : : ; Nk�1g; q 2 f1; : : : ; Nkg, corresponds to the value of the interpolation function associated
with node np of triangulation Tk�1 when calculated on the coordinates of node nq from triangulation
Tk. From (7), Ik�1k is consistent in the sense that the residual is consistent between two consecutive
meshes.

From a computational viewpoint the restriction operator is calculated by taking the local con-
tribution of the residual on node ni 2 Tk of the nodes of triangle Tg 2 Tk�1 where ni is located.
Figure 1 shows the operator for linear triangles. Residue rI on �ne node I is transferred as r1,
r2, and r3 to the nodes of the coarser element using area coordinates A1, A2, and A3. Using the
notation indicated in Figure 1, the residual for each node of the triangle Tg due to the residual at
node I contained by Tg is given by

ri = Air
I ; 1�i�3: (9)
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After �1 iterations of the relaxation scheme on level k, the following residual correction problem
is solved on level k � 1: �nd ek�1 2 Vk�1 such that

a(ek�1; v) = rk�1k (v); 8v 2 Vk�1; (10)

where rk�1k (v) = b(Ikv)� a(~uk; Ikv); 8v 2 Vk�1.
Another multigrid component is prolonging (interpolating) the solution between levels k�1 and

k in a consistent way with the restriction and di�ential operators used. Note that ek = Nk
k�1ek�1

and Ikk�1 = Nk
k�1. Hence, Ikk�1 = (Ik�1k )T . Once corrections e1, e2, and e3 are known, the value

for �ner node I is calculated as eI = A1e
1 +A2e

2 +A3e
3 (see Figure 1).

e
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Figure 1: Restriction and prolongation operators.

3 Information Retrieval between Meshes

For the application of non-nested restriction and prolongation operators we need to know for each
�ner node the coarse grid element that contains the node and the respective values of the shape
functions taken on the local coordinates of the �ner node (see Figure 1). It is very important to
use appropriate data structures and procedures for e�ciently retrieving the necessary information
for the calculation of operators.

We must do a geometric search. This procedure is frequently found in other areas, e.g., mesh
generation and solid modeling [9, 13]. Given n entities, we need to know which ones contain
a certain point. The entities may be a single or a set of mesh elements. The trivial or direct
solution consists of sweeping the list of entities and checking if the speci�ed point is inside one
of the entities. The computational time for this procedure is O(n). Procedures to decrease this
linear cost are discussed in [13] for two dimensional problems. The extension to three dimensional
problems is immediate.

We decrease the order of the search problem by dividing the considered region into a set of cells
with simple shapes containing a number of elements. Initially it is necessary to determine the cell
containing the point. Then a search of the associated elements is conducted to obtain the elements
where the point is located.

A preprocessing ordering step is used. We divide the region into cells and obtain the associated
elements. The cost is at least O(n), which is similar to the direct search procedure. The application
of the search procedure is essential only when the total number of search operations is large. The
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memory requirements for auxiliary data structures to store the cells and their elements must be
considered when balancing the CPU cost versus the memory use [13].

The quadtree data structure can be adapted easily to any set of elements by limiting the
maximum number of elements per cell. A quadtree is a sequence of squares superimposed on a
region. They are recursively divided according to cell and element sizes in each part of the domain
(see Figure 2). The bigger square is known as the tree root, the squares with no subdivisions are
the leaves, and the others are the branches. Procedures for data structure creation and information
search are presented in [13] with a total cost of O(logn).

50

10
0 40

0 < x < 40
10 < y < 50

20 < x < 40
30 < y < 50

20 < x < 30
40 < y < 50

30 < x < 40
30 < y < 40

20 < x < 30
30 < y < 40

20 < x < 40
10 < y < 30

Figure 2: Auxiliary data structure based on quadtree [13].

We used a quadtree data structure in two dimensiona to �nd the coarser element containing a
�ner node and its corresponding linear shape function values. This is a preprocessing step before
using a multigrid algorithm. We store a data structure that is accessed every time the interpolation
and restriction operators are calculated. For three dimensional problems we used an octree data
structure.

4 Multigrid Methods

Figure 3 shows some commonly used multigrid cycles. The V and W cycles are based on the
recursive application of the coarse grid correction scheme. When going from a �ner mesh 
k

to a coarser mesh 
k�1, �1 pre-relaxations are performed on the original equation Au = b or
on the error equation Ae = r. Then the residual r is calculated and projected onto the mesh

k�1 using the restriction operator Ik�1k . On the coarsest mesh the error equation is solved by a
direct or iterative numerical method. Finally, corrections e are mapped onto �ner levels using the
prolongation operator Ikk�1 and �2 post-relaxations are then performed.

The FMV algorithm uses the concept of nested iterations. Each V cycle is preceded by �0�1
V cycles on coarser grids. Au = b is solved on the coarsest mesh and its solution is prolonged
as an initial approximation to the next �ner level. Then �0 V cycles are performed on that level.
Ultimately a better approximation to the next mesh is obtained. This procedure is repeated until
the �nest mesh is reached. The FMW technique uses W cycles on coarser grids and is analogous
to the FMV cycle. These procedures are illustrated in the Figure 3 for �0 = 1. Some variations
of these algorithms may be used, e.g., the FMVV scheme uses an FMV cycle followed by many V
cycles.

Error estimators like the Zienkiewicz-Zhu (ZZ) procedure [27] may be used with multigrid
strategies. We can de�ne top down and bottom up adaptive multigrid procedures. Thus, we do
not need to know all of the meshes in advance since they can be obtained by an adaptive process.
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Figure 3: Multigrid cycles.

The top down approach produces a �nest mesh to be used by a multigrid strategy. This mesh
is obtained by an adaptive procedure using an error estimator, a re�nement technique, and a direct
or iterative solution method. A �nal error � smaller than a speci�ed admissible error �� must be
attained on the �nest grid. In the re�nement procedure used in this work, the new average element
size h0 is calculated by dividing the current size of an element by 2 (i.e., h0 � h=2). Sometimes the
sequence of meshes obtained by this process does not guarantee the convergence of the multigrid
procedure [2, 4]. Intermediate meshes must then be obtained by taking the �nest mesh and using
the mesh generator program with a new element size that grows by a factor of two [15]. After
generating some meshes the multigrid algorithm provides the �nal approximate solution. A similar
procedure without an adaptive re�nement is de�ned in [20, 21, 23] in which the intermediate levels
are generated from the �nest mesh by applying frontal and Delaunay techniques.

   (
Internal

k

k-1

k-2

k-3

V cycles = 2)
0

ν  

Figure 4: An adaptive FMV scheme.

Given a percentage error �� and an accuracy �, the main idea of the bottom up approach is
to start from the coarsest mesh and solve the problem by applying multigrid strategies. Meshes
are generated according to the error distribution calculated by the ZZ error estimator. We chose
the FMV cycle with �0 = 2 (see Figure 4) as the multigrid strategy to generate the meshes. The
coarsest mesh is solved by a direct method, the ZZ error estimator is applied, and a constrained
re�nement procedure is used to obtain the second mesh. Two intermediate V cycles are used
and the third mesh is obtained similarly after the application of the ZZ procedure. This process is
repeated until either reaching the speci�ed maximum number of meshes or when the estimated error
is close enough to the admissible value ��. For two dimensional problems the following re�nement
constraint was used to determine the new element size h0:

1

3
h � h0 �

3

2
h: (11)
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This condition assured the convergence of the multigrid methods.
Note that in the intermediate levels, using two V cycles does not guarantee a solution with

accuracy �. Since this strategy is used only for intermediate mesh de�nition it is not necessary to
obtain an exact solution and therefore the adopted strategy is viable. However, when the �nest
mesh is obtained, a multigrid technique which is not necessarily a FMV with �0 = 2 is used to solve
the system of equations with accuracy �.

5 CPU and Memory Requirements

Table 2 presents the items used when calculating the number of operations and memory space re-
quired by the non-nested multigrid methods based on the computational implementation conducted
[2]. Let Nm be the number of meshes. Table 1 gives the notation used for each mesh i.

NITi Total number of relaxations conducted in all multigrid cycles

CITi Cost of one iteration of the relaxation scheme

Ni Number of equations

mi Average number of non-zero coe�cients per row of the system matrix

ni Total number of times the multigrid technique visited level i

nri Total number of restriction operations

n
p
i Total number of prolongation operations

Nnodes Number of nodes in the considered element

nauxi Memory allocation for auxiliary vectors required
To implement the relaxation scheme

Nnodes
i Total number of nodes

nt = 2:5, neq = 1, ninc = 1:5 For two-dimensional problems

nt = 3:5, neq = 1:5, ninc = 2 For three-dimensional problems

Nels
i Total number of elements

Table 1: Notation for calculating the number of operations and memory space.

The number of operations is obtained by adding up the expressions given in Table 2 for relax-
ations, direct solution in the coarsest mesh, transfer operators, and calculation of residuals. The
equivalent number of �nest mesh iterations is obtained by dividing the number of operations by
the cost of one �nest mesh iteration of the relaxation scheme.

The higher memory requirements for multigrid methods compared with traditional iterative
methods is due to the extra meshes combined with the extra space required for data used by
the restriction and prolongation operators (e.g., incidence and equation numbering). Therefore it
is necessary to take into account the systems of equations (matrices+vectors), tables of data for
operators, equation numbering and incidence [2, 4]. The total memory space is given by summing
all the expressions indicated in Table 2 multiplied by factor 8

1024
in order to obtain results in

kilobytes.

6 Computational Implementation

All procedures were implemented using C++ in a set of libraries with classes for a database,
a matrix, and the �nite elements [16]. Some classes for sparse matrices using a row-compressed
format with direct and iterative solution methods were incorporated in these libraries [2]. For sparse
Gaussian elimination, a symbolic procedure was used to identify the �ll-in (i.e., to determine the
elements that become non-zero along the factorization process) [24]. A minimum degree algorithm
for renumbering of equations is included.
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Table 2: Expressions for calculating the number of operations and memory space.

Operations

Relaxations
PNm

i=2 (NITi) (CITi)

Coarsest mesh
hPN1

i=1 (mi � 1)(mi + 2)
i
+ 2N1(m1 � 1)n1

Operators Nnodes
PNm

i=2 Ni(n
r
i + npi )

Residual
PNm

i=2 Ni(2mi � 1)nri

Memory space

Systems
PNm

i=1 [Ni(mi + 2) + nauxi ]

Operators nt
PNm

i=2 N
nodes
i

Equations neq
PNm

i=1 N
nodes
i

Incidence ninc
PNm

i=1 N
els
i

The multigrid strategies were implemented in only one class with parameters for the database
information, number of meshes, numbers of pre- and post-relaxations, and pointer vectors to the
unknown and the independent terms of each mesh. The implementation of the multigrid techniques
used the following methods:

int FineToCoarsePart(int Level);

int CoarseToFinePart(int Level);

The method FineToCoarsePart is responsible for the descendent part of the multigrid strategies:
�rst �1 relaxations are executed, then the residual is calculated and transferred to the next coarse
mesh. This is repeated until the coarsest mesh is reached.

The method CoarseToFinePart �rst solves the coarsest mesh by a direct method. Then it
repeatedly prolongs corrections and executes �2 post-relaxations until the �nest level is reached.

The multigrid strategies presented previously are easily implemented. For example, the main
kernel of a V cycle consists of the following C++ commands:

//fine to coarse part

for(k = NumMeshes - 1; k >= 0; k--) FineToCoarsePart(k);

//coarse to fine part

for(k = 1; k < NumMeshes; k++) CoarseToFinePart(k);

The two methods FineToCoarsePart and CoarseToFinePart extensively use other methods for
restriction and interpolation operators. Finally, it should be noted that the mapping between
the meshes uses quadtree and octree data structures for two- and three-dimensional problems
respectively. It is implemented using the classes developed in [13]. A more detailed description of
the multigrid classes can be found in [8].
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7 Numerical Experiments

To evaluate the performance of some multigrid schemes, several two and three dimensional linear
elastic examples are examined. In Section 7.1, a plate in traction modeled with nested and non-
nested meshes are considered [5, 7]. A fracture problem is studied in Section 7.2 [5, 6]. The same
problem is analyzed in Section 7.3 using the adaptive procedures discussed in Section 4 and in [3].
In Section 7.4, two three dimensional examples (a beam and a piston) are studied [4]. All of the
problems were discretized by linear triangle and tetrahedron meshes generated by frontal [15] and
Delaunay's techniques [13].

The multigrid results were compared with ones for sparse Gaussian elimination (SGE) and
iterative methods based on conjugated gradient (CG) with diagonal (CGD), SSOR (CGSS), and
symmetric Gauss-Seidel (CGGS) preconditioners [1, 2]. For all of the examples the system matrix
was stored in a row-compressed sparse format. In the case of iterative and multigrid methods

the convergence criterion jjAu�bjj2
jjbjj2

< � in the Euclidean norm with � = 10�4 was used. Gauss-

Seidel was used as a relaxation scheme in the multigrid cycles. The following relative errors were
considered for comparisons of direct (udir), iterative (uite), and multigrid (umg) methods:

jjedir=iter jj2 =
jjudir � uitejj2

jjudirjj2
; jjedir=mg

r jj2 =
jjudir � umgjj2

jjudirjj2
; and jjeite=mg

r jj2 =
jjuite � umgjj2

jjuitejj2
: (12)

For each method the equivalent number of �nest mesh iterations (NIT) was determined by taking
the corresponding overall computational cost divided by the cost of one Gauss-Seidel iteration on
the �nest mesh. A 
oating point operation (
op) is a multiplication.

1

1

E = 21e5

= 0
1000

ν 

Figure 5: Plate under traction (nested meshes).

7.1 Plate under traction

Figure 5 shows a plate under traction with a distributed load. It is rigidly supported on a point
and with a displacement constraint in the x direction in the other nodes. This problem is modeled
as a plane stress case with a unit thickness. For multigrid analysis, four nested and non-nested
meshes were generated (see Figures 5 and 6). The main features of these meshes are in Table
3: the numbers of nodes, elements, and equations. Also included are the total number of global
matrix coe�cients for direct (NCoefdir) and iterative/multigrid (NCoefite) methods and the average
number of coe�cients per row of the sparse matrix for direct (mdir) and iterative/multigrid (mite)
methods. This example is equivalent to a unidimensional problem with an exact solution based on
the approximation space obtained by linear �nite elements since the Poisson coe�cient is zero.

Table 4 presents the equivalent number of �nest mesh iterations (NIT) for SGE, CGGS, and
several multigrid strategies. In the latter case the total number of cycles (NC) and the number of
pre- (�1) and post-relaxations (�2) are given. The relative errors (12) are also presented. The results
in terms of mega
ops are illustrated in Figure 7, where the coe�cients of the �tted straight lines
are given between brackets. For multigrid methods, 2-4 meshes were tried. The results obtained
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Figure 6: Plate under traction (non-nested meshes).

are shown in Figure 7. The solution on the coarsest mesh was computed by a direct method while
in the other cases the same multigrid strategy indicated in Figure 7 was used.

Table 3: Mesh features for the plate.
Nested meshes

Mesh Nodes Elements Equations NCoefdir mdir NCoefite mite

1 4 2 5 13 2.6 13 2.6

2 9 8 14 73 5.2 63 4.5

3 25 32 44 357 8.1 253 5.8

4 81 128 152 2183 14.4 993 6.5

Non-nested meshes

Mesh Nodes Elements Equations NCoefdir mdir NCoefite mite

1 4 2 5 13 2.6 13 2.6

2 16 18 27 173 6.4 145 5.4

3 35 48 63 548 8.7 380 6.0

4 89 144 168 2223 13.2 1113 6.6

7.2 Fracture problem

In this section, a fracture problem is analyzed by taking four linear �nite element meshes (see Figure
8). Its corresponding features are given in Table 5. Table 6 presents the results for SGE, CGGS,
and some multigrid methods. The results in terms of mega
ops and memory space in kilobytes are
illustrated in Figure 9.

7.3 Application for the adaptive procedure

The fracture problem was analyzed with the adaptive multigrid strategy in Section 4. Taking a
percentage error equal to �� = 1% with accuracy � = 10�4. Three and six meshes were necessary for
the direct and multigrid methods to obtain �nal estimated errors of 1.1% and 1.3%. The meshes
obtained are illustrated in Figures 10 and 11. The main features are given in Table 7 where � is
the error obtained at the end of the mesh generation process. These results are shown in Table 8
and Figure 12.
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Table 4: Results for the plate under traction.
Nested meshes

Method NIT NC, �1, �2 jje
dir=ite
r jj2 jje

dir=mg
r jj2 jje

ite=mg
r jj2

SGE 12 { { { {

CGGS 58 { 1:21 � 10�5 { {

V 70 15,1,1 { 4:24� 10�4 4:29 � 10�4

W 44 7,1,1 { 1:01� 10�4 1:06 � 10�4

FMV 5 1,1,0 { 4:33 � 10�15 1:21 � 10�5

FMW 6 1,1,0 { 3:57 � 10�15 1:21 � 10�5

Non-nested meshes

Mesh NIT NC, �1, �2 jje
dir=ite
r jj2 jje

dir=mg
r jj2 jje

ite=mg
r jj2

SGE 11 { { { {

CGGS 63 { 9:85 � 10�6 { {

V 57 11,1,1 { 6:46 � 10�4 6:49 � 10�4

W 39 5,1,1 { 6:80 � 10�5 7:18 � 10�5

FMV 6 1,1,0 { 6:59 � 10�8 9:87 � 10�6

FMW 8 1,1,0 { 3:10 � 10�8 9:86 � 10�6
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(a) Nested meshes.
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Figure 7: Number of operations for the plate under traction.

Figure 8: Meshes for the fracture problem.
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Table 5: Mesh features for the fracture problem.
Mesh Nodes Elements Equations NCoefdir mdir NCoefite mite

1 51 80 89 911 10.2 555 6.2

2 170 299 317 5607 17.7 2171 6.8

3 626 1171 1207 32422 26.9 8647 7.2

4 2383 4608 4679 204249 43.7 34312 7.3

Table 6: Results for the fracture problem.

Method NIT NC, �0, �1, �2 jje
dir=ite
r jj2 jje

dir=mg
r jj2 jje

ite=mg
r jj2

SGE 130 { { { {

CGGS 273 { 1:37 � 10�5 { {

FMV 39 4,1,2,1 { 8:76 � 10�6 1:86 � 10�5

FMVV 41 8,2,2,1 { 2:42 � 10�5 3:17 � 10�5

FMW 38 3,1,2,1 { 3:43 � 10�6 1:52 � 10�5
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Figure 9: Number of operations and memory space for the fracture problem.

Figure 10: Meshes for the fracture problem using adaptive Gauss factorization method.
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Figure 11: Meshes for the fracture problem using adaptive multigrid.

Table 7: Mesh features for the adaptive fracture problem.
Adaptive direct procedure

Mesh � (%) Nodes Elements Equations mdir NCoefdir mite NCoefite

1 9.3 25 34 40 7.1 283 5.5 220

2 4.2 404 747 775 25.9 20062 7.1 5503

3 1.3 3772 7350 7440 49.7 369737 7.4 54836

Adaptive multigrid procedure

Mesh � (%) Nodes Elements Equations mdir NCoefdir mite NCoefite

1 9.3 25 34 40 7.1 283 5.5 220

2 7.7 61 97 107 11.8 1261 6.3 676

3 5.6 198 358 371 19.9 7393 6.9 2575

4 3.8 592 1119 1144 29.4 33666 7.2 8228

5 2.2 1681 3240 3293 40.3 132808 7.3 24076

6 1.4 3369 6560 6641 46.7 310313 7.4 48904

Table 8: Results for the fracture problem using adaptive procedures.

Method NIT NC, �0, �1, �2 jje
dir=ite
r jj2 jje

dir=mg
r jj2 jje

ite=mg
r jj2

SGE 207 { { { {

CGGS 409 { 3:24 � 10�5 { {

FMV 89 4,2,1,1 { 3:34 � 10�5 4:45 � 10�5

80 2,2,2,1 { 6:03 � 10�5 6:57 � 10�5

88 5,1,1,1 { 2:93 � 10�5 4:19 � 10�5

74 3,1,2,1 { 6:95 � 10�5 7:39 � 10�5

V 73 9,1,1,1 { 2:13 � 10�4 2:11 � 10�4

73 7,1,2,1 { 1:96 � 10�4 1:94 � 10�4
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7.4 Three dimensional problems

Figure 13 shows a cantilever beam with its dimensions and the applied load and four meshes
generated with linear tetrahedral elements. As a second three dimensional example, we have a
piston. We used four meshes (see Figure 14). On the coarsest mesh the boundary conditions and
the concentrated load considered can be observed. The main features of these meshes are indicated
in Table 9.
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Figure 12: Results for the adaptive fracture problem.

Table 10 shows the number of iterations on the �ne mesh (NIT) for every algorithm. For the
multigrid strategies, the number of cycles (NC), the number of pre- and post-relaxations (�1,�2),
the number of intermediary cycles (�0), and the relative errors (12) are computed. The �nest mesh
of the piston problem could not be solved by SGE due to memory limitations. Therefore only

the relative error jje
ite=mg
r jj2 is shown. Figure 15 shows the behavior of the solution methods as a

function of the number of operations.

Figure 13: Meshes generated for the cantilevered beam example (E = 1:0 � 105; � = 0:3).

Figure 14: Meshes generated for the piston (E = 1:0� 105; � = 0:3).
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Table 9: Mesh features for the beam and piston examples.
Beam

Mesh Nodes Elements Equations mdir NCoefdir mite NCoefite

1 335 921 963 40.0 38511 16.0 15444

2 1130 3922 3279 81.2 266226 17.6 57804

3 3024 11813 8724 164.2 1432572 18.6 162276

4 8633 37976 24606 361.9 8904168 19.6 482364

Piston

Mesh Nodes Elements Equations mdir NCoefdir mite NCoefite

1 861 2622 2416 75.2 181675 16.4 39654

2 2943 10888 8444 154.5 1304874 18.0 151630

3 12727 55480 37188 373.2 13900617 19.4 722428

4 32348 155792 95277 722.1 68798689 20.5 1948811

Table 10: Results for the beam and piston examples.
Beam Piston

Method NIT NC, �0, �1, �2 jje
dir=mg
r jj2 jje

ite=mg
r jj2 NIT NC, �0, �1, �2 jje

ite=mg
r jj2

SGE 4345 { { { 16934 { {

CG 2361 { { { 5492 { {

CGD 1279 { { { 4764 { {

CGSS 844 { { { 3192 { {

CGGS 672 { { { 2707 { {

FMV 89 9,1,1,1 2:80 � 10�6 2:80� 10�6 66 7,1,1,1 9:29 � 10�5

98 6,2,1,1 9:83 � 10�7 9:84� 10�7 63 4,2,1,1 1:07 � 10�4

FMW 101 8,1,1,1 5:74 � 10�8 6:60� 10�8 61 4,1,2,1 8:96 � 10�5

111 5,2,1,1 3:59 � 10�8 4:82� 10�8 62 3,2,1,1 8:76 � 10�5

FMVV 117 25,1,1,1 1:28 � 10�5 1:28� 10�5 78 16,1,1,1 1:27 � 10�4

115 23,2,1,1 1:17 � 10�5 1:17� 10�5 75 15,2,1,1 1:30 � 10�4
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8 Conclusions

Based on the results obtained from the two dimensional examples and on those given in [3, 5], a
number of conclusions can be drawn.

For the simple example of a plate under traction, the FMV and FMW algorithms are superior
to the V and W cycles for problems in which it is possible to calculate a good initial approximation
from the coarsest mesh. Also, the numerical conditioning of the solutions obtained from the FMV
and FMW algorithms (measured by the relative errors (12)) is better than those obtained from the
V and W cycles. Only one cycle of either the FMV or FMW algorithms with �1 = 1 and �2 = 0 is
su�cient to solve this problem.

The number of operations required by the FMV and FMW algorithms is smaller than for either
the SGE and CGGS methods. This is shown in Table 4 by comparing the number of iterations on
the �nest mesh. Also, see Figure 7. As expected, the CGGS method requires less memory space
while the multigrid strategies and SGE have similar behavior [5]. Even for a small order example
the use of multigrid becomes advantageous when compared to SGE and CGGS.

It was observed that the numerical conditioning of the solution obtained from the FMW and
FMW strategies on non-nested meshes is inferior to the one obtained with nested meshes. However,
the order of the relative error is acceptable. This indicates that we have actually produced a good
approximation to the actual solution.
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Figure 15: Number of 
oating point operations.

For the fracture example (see Table 6 and on Figure 9) we note that the FMV, FMVV, and
FMW procedures behave similarly: all of them are superior to SGE and CGGS. However, the
FMVV method requires a larger number of cycles to obtain the same numerical conditioning.
When considering the number of pre- and post-relaxations, both �1 = 1 and �1 = 2 usually reduce
the total number of cycles [2].

Note that the angular coe�cients of the lines representing the number of operations for the
multigrid strategies are inferior to those for SGE and CGGS. The average behavior of the number
of operations for the problems studied here and in [2] is shown in Figure 16(a). These coe�cients
are similar to those obtained previously in the examples presented in this paper and in [5].

In the adaptive procedure presented here, sequences of meshes were obtained by applying the
ZZ error estimator. The purpose was to solve problems using either SGE, conjugated gradient, or
a multigrid method. The strong singularity of the fracture problem resulted in a larger number of
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equations needed to attain the 1% level of admissible error. The multigrid techniques are superior
to SGE with respect to both the number of operations and the amount of memory [3]. For this
quite singular problem and due to the limitation in modifying the element size (11), the number of
meshes for multigrid is larger than the number of meshes for SGE.

We now draw a number of conclusions speci�c to the 3D problems in Section 7.4.
The iterative methods based on the conjugated gradient technique show a superior behavior

when compared to SGE. It was observed that the demand for memory increases signi�cantly when
using SGE, making it impossible for us to solve the �nest mesh of the piston example. The memory
requirements were about 800 megabytes for storing the matrix and auxiliary vector. It is necessary
to use a model reduction or a domain decomposition technique to solve this problem using SGE.

The meshes for the beam example result in a smaller number of equations (compared to the
piston example), but still required a large number of iterations to converge (for both multigrid and
the iterative techniques). This is due to the presence of large gradients in the solution. This fact
explains the behavior of the coe�cients of multigrid strategies in Figure 15.

Both FMV and FMW are better than FMVV. The former two methods required a smaller
number of cycles to reach the speci�ed accuracy.

Iterative methds should be used for three dimensional problems due to the smaller memory
requirements. The acceleration obtained with the use of multigrid methods is signi�cantly superior
to conjugated gradient-based methods in terms of number of operations. The increase in memory
space caused by the use of multigrid methods is insigni�cant, allowing all data used in the solution
process to be loaded in the main memory. For the linear elastic problem studied in this paper,
multigrid is signi�cantly superior to the iterative algorithms based on either conjugated gradientsor
SGE.

In the beam example, the meshes were generated for simulating the behavior of the error
estimator. Due to the lower memory requirements and smaller number of iterations required for
convergence, the adaptive procedure is recommended for three dimensional problems.

The adaptive multigrid procedure is a viable alternative. It performs no worse than SGE even
for small order problems requiring a larger number of meshes. This is relevant even to quite singular
problems. The procedure presented here allows the automation of the mesh generation procedure,
in order to obtain a better sequence of meshes to achieve the speci�ed admissible error ��.

Figure 16(b) shows the behavior of SGE, CGGS, and multigrid. Note that for multigrid, the
number of operations varied linearly with respect to the number of equations. Taking the average
behavior of these two examples, the cost of the solution was approximately O(N) for a number of
equations less than 100,000 on non-nested meshes.
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