
CACHE BASED MULTIGRID ON UNSTRUCTURED TWODIMENSIONAL GRIDSCRAIG C. DOUGLAS�, JONATHAN HUy, ULRICH R�UDEz, AND MARCOBITTENCOURTx1. Abstract. High speed cache memory is commonly used to address the dis-parity between the speed of a computer's central processing unit and the speed of acomputer's main memory. It is advantageous to maximize the amount of time thatdata spends in cache. Tiling is a software technique which is often used to do just this.Tiling is not able, however, to handle dynamically changing data structures, such asthose encountered in adaptively chosen, unstructured grids. We develop a variant ofthe Gauss-Seidel method for second order elliptic partial di�erential equations withvariable coe�cients. This variant keeps data in cache memory for much longer thannon-cache implementations. As a result, our method is signi�cantly faster than non-cache implementations. Examples from the structured grid case demonstrate thebene�ts of such a variant and provide motivation for the more di�cult unstructuredgrid case. For this case, a publicly available load balancing package is used to de-compose the grid into blocks of nodes which �t into cache. An O(n) algorithm isintroduced that provides a one-time reordering of the nodes in each block. This newordering permits signi�cantly more Gauss-Seidel updates and residual calculation tobe done in cache than in standard implementations. The cache aware Gauss-Seidelvariant is incorporated into a multigrid code and tested by solving two dimensionallinear elastic problems with multiple degrees of freedom per node. These experimentsdemonstrate cache hit rates and cache line reuse possible with a multigrid V cyclethat incorporates such a cache aware method.AMS Subject Classi�cations: 65M55, 65N55, 65F10, 65N30, 65F50, 65N50Keywords: multigrid, unstructured grids, cache, tiling, iterative methods, domaindecomposition, partial di�erential equations, software.2. Introduction. In order to motivate the discussion, we �rst need a basic un-derstanding of computer memory. The following description is based on [6] and [3].A computer's central processing unit (CPU) performs the numerical and logical cal-culations when a program is executed. The data on which the CPU operates is storedin memory. When the CPU requires data which it does not already have, it makes arequest to memory.A modern CPU can perform a numerical operation much faster than memory candeliver data. Furthermore, the disparity between CPU and memory speed is growing.Therefore many hardware and software strategies have been developed to reduce the�University of Kentucky, Departments of Mathematics and Mechanical Engineering and Centerfor Computational Sciences, 715 Patterson O�ce Tower, Lexington, KY 40506-0027, USA. E-mail:douglas@ccs.uky.edu.yUniversity of Kentucky, Department of Mathematics, 715 Patterson O�ce Tower, Lexington,KY 40506-0027, USA. E-mail: jhu@ms.uky.edu.zLehrstuhl f�ur Informatik X Universit�at Erlangen-N�urnberg, Martensstra�e 3, D-91058 Erlangen,Germany. E-mail: ruede@informatik.uni-erlangen.de.xState University of Campinas, School of Mechanical Engineering, P.O. Box 6051, Campinas, SP13083-970, Brazil. E-mail: mlb@fem.unicamp.br.1
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Level clocksregister 1L1 cache 2-3L2 cache 6-12main memory 60-250(b) Clock speeds.Fig. 2.1. Memory hierarchy and speeds [1].time which the CPU is simply waiting for data. One common hardware strategy isto divide computer memory into a hierarchy of di�erent layers, with the CPU linkeddirectly to the highest level. (See Figure 2.1a.)The highest level is the most expensive, smallest, and fastest of all layers. Lowerlevels are progressively larger, cheaper, and slower. The layers (from highest to lowest)are registers, cache, main memory, disk, and tape. By memory speed here, we meantime for the central processor to retrieve a piece of information from wherever it isstored. When the CPU makes a request for data, each layer (beginning with the �rstlevel cache) attempts to satisfy the request. The goal is that data which is frequentlyrequested is as high in the hierarchy as possible and therefore available to the CPUwith little delay.The cache is itself a hierarchy L1, L2, . . . (levels of cache). One or two levels ofcache is typical. The L1 cache is smaller and 2 to 6 times faster than the L2 cache.The L2 cache in turn is smaller than but still 10 to 40 times faster than main memory(see Figure 2.1b). The smallest block of data moved in and out of a cache is a cacheline. A cache line holds contiguous pieces of data, e.g., the components v(i) throughv(i + j) of a vector, where j is small (e.g., 4, 16, or 32). If the data that the CPUrequests is in a cache line, it is called a cache hit. Otherwise data must be copiedfrom main memory into a line, resulting in a cache miss. It is clearly advantageousto maximize the number of cache hits, since the cache is faster than main memoryin ful�lling the CPU's request. For more detailed information on memory hierarchiesand cache design, see [4] and [8].We note that both the memory bandwidth (the maximum speed that blocks ofdata can be moved in a sustained manner) as well as memory latency (the time it takesmove the �rst word(s) of data) contribute to the inability of codes to achieve anythingclose to peak performance. If latency were the only problem, then most numericalcodes could be written to include prefetching commands in order to execute very closeto the CPU's peak speed. Prefetching refers to a directive or manner of coding (whichis unfortunately compiler and hardware dependent), for data to be brought into cachebefore the code would otherwise issue such a request.For example, suppose that a code runs on a machine where the main memory hasa latency of 100 clock cycles. We could preprocess the code so that new cache lines2



are needed 100 cycles apart. Hence, we think that we have a code for which all datais available almost exactly when it is required. Unfortunately this is not how memorysubsystems operate. The rest of the cache line may or may not be available once the�rst word is available. There may be more time needed to clear write back cache linesand the amount of time needed to read or write a cache line is frequently di�erent(the write takes longer, as much as twice as long as a read). A number of operationsmay be using the memory bus that interfere with just modeling it by latency.With a red-black Gauss-Seidel method and a problem too large to �t entirely intocache, each unknown passes through cache at least twice during each iteration. R�udeand Stals [10],[11] and Douglas[3], however, use a simple change so that data passesthrough cache only once. They assume a rectangular grid and a 5 or 9 point stencil.Tiling is a software technique which is often used to maintain data in cache for as longas possible [9]. Tiling is not able to handle even the red-black case on a rectangulargrid, much less dynamically changing data structures, such as those encountered inadaptively chosen, unstructured grids. Our goal is to develop a variant of the Gauss-Seidel method for second order elliptic partial di�erential equations with variablecoe�cients (see x4) on unstructured grids.To be e�ective our technique needs a moderately large cache. On current processortypes, the L1 cache is typically too small to be useful for our purposes. We thereforeorient our technique towards the L2 cache, which is typically at least several hundredkilobytes. Note that on a system with a L3 cache, we target that instead of the muchsmaller L2 cache.We assume that half of the L2 cache is available for program execution and thatother processes (e.g., the operating system ones in particular) use the rest. Thisassumption came from a study of many di�erent processors and operating systemswhile the research for [9] was being done.3. Motivation from Structured Grids. Now assume a 5 point discretizationon a rectangular mesh. (The same ideas apply to a 9 point stencil.) Suppose thatan m � n block of nodes �ts in cache. All nodes in cache get one update. We thenshrink the block we are computing on by one along its boundary and relax again onan (m � 2) � (n � 2) subblock. Note that a bu�er of two columns and two rows ofnodes is not updated in order to maintain bitwise the same answer as the standard(naturally ordered) Gauss-Seidel. Continuing, on an (m�2i)�(n�2i) subblock, i+1relaxations are performed while still maintaining the exact same updates as in thestandard implementation of Gauss-Seidel. Assuming that all four sides of the blockare cache block boundaries, (m� 2i)� (n� 2i) nodes get i+ 1 updates. We can saythat in general (m� 2k+1)� (n� 2k+1) nodes get k updates. Hence, if we requireonly k updates, (m� 2k + 1)(n� 2k + 1)mn � 100%of the data passes through cache once instead of k times.For most multigrid applications k is quite small, typically 1 to 5. The case k = 1is irrelevant to this paper. For the typical current sizes of L2 caches, m and n arequite large. Table 3.1 shows how many nodes are completely updated with one passthrough cache for a variety of cache sizes and k 2 f3; 4; 5g: We assume a 5 pointdiscretization and that half of the total cache is available for data storage. We alsoassume that a data word is 8 bytes and that there is 1 unknown per node. For each3



Largest grid Number of relaxations desiredAvailable that �ts 3 4 5cache size in cache % #nodes % #nodes % #nodes128 kb 48 � 49 80.44 1892 73.21 1722 66.33 1560256 kb 68�69 85.93 4032 80.61 3782 75.45 3540512 kb 97 � 97 89.96 8464 86.09 8100 82.30 77441024 kb 136 � 137 92.81 17292 90.01 16770 87.25 16256Table 3.1Percentage of nodes which are updated completely with one pass through cache.
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3.Fig. 3.1. Second structured grid example.unknown, the Gauss-Seidel algorithm requires the nonzero coe�cients from a row ofthe matrix, the corresponding unknowns, and the right hand side entry.Now consider a second example involving a 5 point discretization on a rectangularmesh. Suppose we apply a Gauss-Seidel scheme. Assume that information for at leastten nodal values �ts into cache. For clarity we use a domain decomposition notationeven though we are not actually using a domain decomposition iterative method ordeveloping a block preconditioner scheme. What follows is a global pointwise Gauss-Seidel scheme. We decompose the grid into three subdomains, 
1;
2; and 
3 (seeFigure 3.1a). Each 
i is a block that �ts entirely into cache.Using the natural ordering, the nine nodes in 
1 are updated once. The keyobservation here is that a node can be updated as soon as all of its neighbors havethe correct number of updates. Hence, we update nodes 1,2,6 and 7 a second time.Finally, node 1 is updated a third time. So without any data movement, we havedone �ve more node updates than one standard Gauss-Seidel sweep would on thesenine nodes. Furthermore, we have bitwise the same solution at node 1 as with thestandard Gauss-Seidel algorithm has after three sweeps (see Figure 3.1a).We now iterate in 
2. We update all nodes one time. Then we return to 
1 andupdate nodes 3 and 8 a second time. Now we update nodes 4,5,9 and 10 a secondtime. Finally, we update nodes 2-5 a third time. This is depicted in Figure 3.1b.Finally, we iterate in 
3. We update all nodes in 
3 once (see Figure 3.1c).Returning to 
1 and 
2, we update (in order) nodes 11-15 a second time, nodes 6-10a third time, nodes 16-20 a second time, 21-25 a second time, 11-15 a third time, 16-20a third time, and 21-25 a third time. The updating of all nodes is now complete.4



Note that partially updated cache blocks must be partially revisited, but that onlythose nodes close to the boundaries between blocks need to be updated. In realisticsituations the cache blocks are quite large with respect to the number of unknownsthat have to be revisited.From this small example, we see that with some rearrangement, bit-wise thesame answer is calculated as a standard Gauss-Seidel implementation, but with lessdata movement through cache. In light of the discussion on memory hierarchies, weexpect that such a rearrangement would result in faster run times than a standardGauss-Seidel implementation on the same problem.Note that the natural ordering was used in the small example. Suppose a muchlarger example had been considered on an irregularly shaped domain with irregularlyshaped cache blocks. If we pick an ordering carefully, more updates are possiblewithin a subdomain without referencing nodes in other subdomains. Identifying betterorderings is the motivation for the following discussions.4. Unstructured Grids. In this section, we extend the ideas from x3 to thecase of an unstructured grid. We use the following partial di�erential equation as ourmodel problem: 8<: �r � (aru) + su = f in 
;u = g0 on �0;u = g1 on �1;where �0 [ �1 = @
;�0 \ �1 = ;; a(x; y) � a0 > 0 for some a0 2 IR, and s(x; y) �0 8(x; y) 2 
. 
 is a simply connected open region in IR2. Our code allows for vectorbase functions.Although we use structured grid examples in the following discussions, we treatthe problems as variable coe�cient problems and do not use any structured gridinformation. Once again, we modify the standard implementation of Gauss-Seidel tobe cache aware.First we identify blocks of nodes which �t into cache (cache blocks). To di�er-entiate between the physical problem boundary and internal cache block boundaries,we label as @
i the nodes in 
i which are adjacent to any node in another 
j . Thenwe relax as many times as possible on each block while it is in cache. Nodes on theboundary of each block potentially have dependencies on nodes in other blocks, sopassing all of a block through cache once is not possible. If we minimize the bound-aries of blocks, however, we can potentially reduce the dependency of one block onothers. In particular we can design an algorithm which only brings a small numberof cache lines into cache more than once.Once a cache block is identi�ed, we need to know how many relaxations arepossible for each node without referencing another block . This requires calculatingthe minimum distance of all nodes to their cache block boundary @
i.Consider a cache block 
j . Identifying the number of updates possible for eachnode in 
j without having to update a node in another block is equivalent to identi-fying the distance of each node to the boundary @
j . Let the vector D be such thatDi is the number of relaxations permissible on any node i in 
j . Then we see that Diis the length of the shortest path between node i and any node on the boundary @
j ,where the length of a path is the number of nodes in a path. We assume that Di = 1for any node i on @
j . The algorithms for calculating D for all nodes in a block aregiven in Figure 4.1. Algorithm \Label-Boundary-Nodes" �nds distances of all nodesin the internal cache boundary. Algorithm \Label-Internal-Nodes" �nds the distances5



Algorithm Label-Boundary-Nodes:Initialize stacks S1 and S2.Set Di = 0 for all i.Find any node i on internal cacheboundary @
 of cache block 
.Push i onto S1.Repeat until S1 is empty:Pop node i o� S1.If distance Di is unknown:Set distance Di = 1.For each node j adjacent to iand in 
:If j is on @
:Set distance Dj = 1.Push j onto S1.else:distance Dj = 2.Push j onto S2.End ifEnd forEnd ifEnd repeat
Algorithm Label-Internal-Nodes:Repeat until S2 is empty:Move contents of S2 to S1.Repeat until S1 is empty:Pop node i o� S1.For each node j adjacent to iand in 
:If distance Dj is unknown:Set distance Dj = Di + 1:Push j onto S2.End ifEnd forEnd repeatEnd repeatFig. 4.1. Algorithms for �nding the number of relaxations permissible on each node of a cacheblock.of all nodes internal to a cache block. The motivation for both algorithms is Dijkstra'smethod for �nding the shortest path between two nodes [2]. A node is \marked" if itsdistance is known, and a node is \scanned" if all its neighbors' distances are known.Note that scanned implies marked, but marked does not imply scanned.Both algorithms maintain two stacks. Initially the �rst stack contains nodesthat are marked but not scanned, i.e., their distances are known, but they may haveneighbors whose distances are unknown. The second stack is initially empty. When anode is popped o� of the �rst stack and scanned, all neighboring unscanned nodes arepushed onto the second stack. As soon as the �rst stack is empty, the stacks switchroles. The algorithm is done when both stacks are empty.At the conclusion of Algorithm 4.1, vectorD contains the minimum distance fromeach node of block 
j to the boundary @
j .Theorem 4.1. The computational complexity of the combined algorithms \Label-Boundary-Nodes" and \Label-Internal-Nodes" is O(N), where N is the number ofnodes in a cache block.Proof. Let N be the number of nodes in a cache block and ci the number ofconnections to node i. Each node i is scanned only once, and at most ci nodes aremarked when i is scanned. Therefore PN ci nodes are examined. We assume thatci � K for some K 2 IN and K � N , hence PN ci � NK, which is linear in N .5. Description of implementation. Algorithms \Label-Boundary-Nodes"and \Label-Internal-Nodes" are implemented in C, as are other preprocessing steps.C allows 
exibility in data structure design and dynamic memory allocation. The keyGauss-Seidel methods and the grid operators are implemented in Fortran 77 becauseFortran compilers are well-optimized for numerical routines.The implementation has several major blocks.� For each block, perform one-time calculation of distances of each node fromblock boundary.� For each block, perform one-time renumbering of nodes based on distance6



information.� Perform one-time reordering of matrix and operators based on new nodalordering.� Perform Gauss-Seidel relaxation on cache blocks.� Calculate residual as soon as possible during Gauss-Seidel updates.The distance calculation has already been discussed. We concentrate on the one-time reordering, the Gauss-Seidel method, and the residual calculation in xx5.1-5.3.5.1. One-time Reordering Scheme. Domain decomposition software for par-allel computers is readily available for identifying connected groups of nodes whichminimize communication between groups. One such package is the METIS library [5].Therefore we assume that the grid has been divided into k blocks of unknowns (cacheblocks) and that within a block the numbering is contiguous (see Figure 5.1a). Notethat contiguous numbering greatly simpli�es the search for boundary nodes. In blockj the unknowns which are on the block boundary are labeled as being on subblock 1,Lj1. In general, let Lji denote those unknowns in block j which are distance i fromthe boundary. Let L1n1 be the subblock of block 1 farthest from @
1. The algorithmrenumbers the unknowns in L1n1; L1n1�1; : : : ; L11; L2n2; : : : L21; : : : ; Lknk; Lknk�1; : : : ; Lk1 , inthat order (see Figure 5.1b). The result is a nodal ordering which is contiguous withinblocks and subblocks. This ordering has the property that unknowns which are closerto the block boundary have a higher number than those further from the boundary.Numbering within a subblock is contiguous but arbitrary.Suppose we do m updates plus the residual calculation. Then it is necessary tohave m + 1 subblocks instead of the m subblocks necessary for just the m updates.The �rst time cache block i is visited, all nodes in Lim+1 and Lim can be fully updated.The residual can only be calculated in Lim+1 since the nodes in Lim depend on nodeswhich are not yet fully updated. The residual calculation will be discussed in moredetail in x5.2.As a preprocessing step, all matrices and transfer operators are reordered accord-ing to the new grid numbering. A cache aware Gauss-Seidel method is then appliedwhich is similar to that described in the structured grid case. We have chosen to visitthe blocks sequentially. Hence, the cache aware Gauss-Seidel method updates thenodes in blocks 1,2,3, etc. as much as possible in that order. Then blocks 1,2,3, etc.are revisited in that order and updated as much as possible. The process continuesuntil all unknowns are fully updated.5.2. Residual Calculation. A multigrid strategy also requires residual calcu-lations. To maintain cache e�ects obtained during the smoothing step, the residualshould also be calculated in a cache aware way. Consider the linear equation Ax = b,where A = (aij). Suppose that we solve this system by a Gauss-Seidel method. Wewould like to calculate the residual, r = b � Au, where u is the calculated solution.Let x be the approximation to u on the next to last iteration of the Gauss-Seideliteration. On the �nal Gauss-Seidel update,ui = 1aii (bi �Xj<i aijuj �Xj>i aijxj) � 1aii (bi � Ci �Xj>i aijxj):The partial sum Ci also appears in the residual calculationri = bi �Xj aijuj = bi �Xj<i aijuj � aiiui �Xj>i aijuj � bi � Ci � aiiui � Ui:7
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Subblock 3 (b) After renumbering.Fig. 5.1. Renumbering example.Therefore we can save Ci and use it later in the residual calculation. Furthermore,aiiui = bi �Pj 6=i aijxj . Hence, after the �nal Gauss-Seidel update on unknownxi, only Ui need be calculated to �nish the residual ri. In our implementation, thepartial sum Ui corresponds exactly to the unknowns xj which are in the neighboringun�nished subblock.These observations motivate our implementation of the residual calculation inthe cache aware Gauss-Seidel routine. Consider the �rst pass through a given cacheblock during a smoothing step. All unknowns are completely updated except thosein subblocks 1; : : : ; n � 1 (assuming n updates). We assume that block i consists ofnodes distance i from @
i. The key point is that each unknown xi in subblock jdepends only on unknowns in subblocks j � 1, j, and j + 1. Therefore, the residualcan be fully calculated for all unknowns in subblock n + 1 (if it exists). The partialsum Ci is available for the residual calculation at each unknown xi in subblock n. Noresidual calculation is possible for unknowns in subblocks 1; : : : ; n� 1.On the pth pass through the same cache block, the nodes are updated in order onsubblocks 1; 2; : : : ; n� p+ 1. Note that all nodes in subblock n� p+ 1 are now fullyupdated. This means that the partial sum Ci is available for the residual calculationfor each unknown xi in subblock n�p+1 and the partial sum Uj is available for eachunknown xj in subblock n� p+ 2. In other words, as soon as the nodes in subblockn � p + 1 have been updated for the last time, the residual calculation for subblockn � p+ 1 can be started, and the residual calculation for subblock n� p + 2 can be�nished.For example, assume that 3 Gauss-Seidel updates are to be performed in a blockwith at least 3 subblocks. The residual can be fully calculated in cache for all nodesexcept those in subblocks 1-3. Furthermore, a partial residual can be calculated insubblock 3. On the second pass through the cache block, subblock 2 is fully updated,a partial residual is computed in subblock 2, and the residual is completed in subblock3. On the third pass through the block, subblock 1 is fully updated. Once all cacheblocks are fully updated, the residual can be completed in the �rst subblock of eachblock. 8



5.3. Data Structures. The cache aware Gauss-Seidel subroutine depends on3 major data structures which store the matrix, starting and stopping indices forsubblocks and blocks, and groups of rows with the same number of nonzeros. Eachof the structures has been organized to enhance data locality.The matrix is stored in a format requiring 3 arrays. The �rst array is a vectorof indices into the nonzero matrix entries and the corresponding column indices. Inaddition to nonzero entries, the diagonal's reciprocal and the corresponding right handside entry are also stored.For a given cache block, all subblock information is stored contiguously. Subblock1 is stored �rst, then subblock 2, and so on. Hence, looping over subblocks in thecache aware Gauss-Seidel implementation only requires looping over the same storeddata.The next major data structure is a two dimensional integer array which identi�esgroups of rows to which a given stencil applies. This is useful because the majorityof rows have a common number of nonzeros. The use of a stencil eliminates loopoverhead and facilitates software pipelining. Furthermore, no \if-then" checks arenecessary in the innermost Gauss-Seidel loop, since groups of rows which can usethe stencil have been identi�ed in a preprocessing step. Finally, this idea is easilyextendible to the cases where more that one type of stencil commonly occurs.The �nal major data structure is a two-dimensional integer array which storesstarting and stopping unknowns for each subblock and block. The major advantageof this data structure is that subblock information for a given cache block is storedcontiguously in a very small array.6. Numerical Experiments. Numerical experiments were performed on anSGI O2 with an 155 Mhz IP32 R10000 CPU, 128 MB of main memory, a 2�32KBsplit L1 cache, and a 1 MB uni�ed 4-way secondary cache. Cache line lengths are32 bytes (L1 instruction cache), 64 bytes (L1 data cache), and 128 bytes (L2 cache)[7]. The native cc and f77 compilers were used. The METIS software package wasused to decompose all domains into cache blocks. An e�ective cache size of 512 KBis assumed.We solve a two dimensional linear elastic problem on a domain shaped like thestate of Texas (see Figure 6.1). The domain is discretized with linear triangularelements, and each node has two degrees of freedom. The northern-most horizontalborder has zero Dirichlet boundary conditions at the corner points, and a force isapplied at the southernmost tip in the downward (southern) direction.In the �rst test, we use a non-intrusive performance measurement tool to analyzethe cache e�ciency of the various Gauss-Seidel implementations. We solve by theGauss-Seidel method in order to evaluate cache e�ciency. Note that the L2 cachehit rate improves from about 50% for the very good, but standard implementation to75% or more for the cache aware version (see Figure 6.2a). As the number of updatesincreases, the hit rate increases. This is expected, since more updates mean morework in each cache block during the �rst visit to that block. The cache aware methodalso reuses cache lines 3 to 4 times on average. This number increases as the numberof updates increases, for the same reason that the cache hit rate increases (see Figure6.2b).In the second test, we analyze the cache e�ciency of a multigrid code usingthe various Gauss-Seidel implementations. We used 150 V cycles and three nestedmeshes to solve each problem. The multigrid code which uses a standard Gauss-Seidelimplementation exhibits cache hit rates of about 50%. The hit rate improves to about9



Fig. 6.1. Coarsest grid used in numerical tests.
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(b) Average L2 Cache Line Reuse.Fig. 6.2. Pro�ling statistics for various Gauss-Seidel implementations only.70% or more for the multigrid code using cache aware Gauss-Seidel (see Figure 6.3a).The cache aware multigrid code also reuses cache lines about 2 to 3 times (see Figure6.3b).7. Concluding Remarks. We have implemented a Gauss-Seidel method thattakes advantage of large and fast L2 caches. This implementation is designed forvariable coe�cient, multi-component PDE's on unstructured meshes. The key ideais a one-time reordering of the linear systems based on physical grid informationand usable cache size. Testing indicates that a multigrid code which incorporatesthis cache aware method signi�cantly improves the L2 cache usage. Furthermore,comparisons indicate that the Gauss-Seidel cache e�ciency gives a good indication ofthe overall cache e�ciency of the multigrid code.We have not targeted integrated L1 caches since almost all of these are currently10
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