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1. Abstract. High sp eed cac he memory is commonly used to address the dis-

parit y b et w een the sp eed of a computer's cen tral pro cessing unit and the sp eed of a

computer's main memory . It is adv an tageous to maximize the amoun t of time that

data sp ends in cac he. Tiling is a soft w are tec hnique whic h is often used to do just this.

Tiling is not able, ho w ev er, to handle dynamically c hanging data structures, suc h as

those encoun tered in adaptiv ely c hosen, unstructured grids. W e dev elop a v arian t of

the Gauss-Seidel metho d for second order elliptic partial di�eren tial equations with

v ariable co e�cien ts. This v arian t k eeps data in cac he memory for m uc h longer than

non-cac he implemen tations. As a result, our metho d is signi�can tly faster than non-

cac he implemen tations. Examples from the structured grid case demonstrate the

b ene�ts of suc h a v arian t and pro vide motiv ation for the more di�cult unstructured

grid case. F or this case, a publicly a v ailable load balancing pac k age is used to de-

comp ose the grid in to blo c ks of no des whic h �t in to cac he. An O ( n ) algorithm is

in tro duced that pro vides a one-time reordering of the no des in eac h blo c k. This new

ordering p ermits signi�can tly more Gauss-Seidel up dates and residual calculation to

b e done in cac he than in standard implemen tations. The cac he a w are Gauss-Seidel

v arian t is incorp orated in to a m ultigrid co de and tested b y solving t w o dimensional

linear elastic problems with m ultiple degrees of freedom p er no de. These exp erimen ts

demonstrate cac he hit rates and cac he line reuse p ossible with a m ultigrid V cycle

that incorp orates suc h a cac he a w are metho d.

AMS Subje ct Classi�c ations : 65M55, 65N55, 65F10, 65N30, 65F50, 65N50

Keywor ds : m ultigrid, unstructured grids, cac he, tiling, iterativ e metho ds, domain

decomp osition, partial di�eren tial equations, soft w are.

2. In tro duction. In order to motiv ate the discussion, w e �rst need a basic un-

derstanding of computer memory . The follo wing description is based on [6 ] and [3].

A computer's cen tral pro cessing unit (CPU) p erforms the n umerical and logical cal-

culations when a program is executed. The data on whic h the CPU op erates is stored

in memory . When the CPU requires data whic h it do es not already ha v e, it mak es a

request to memory .

A mo dern CPU can p erform a n umerical op eration m uc h faster than memory can

deliv er data. F urthermore, the disparit y b et w een CPU and memory sp eed is gro wing.

Therefore man y hardw are and soft w are strategies ha v e b een dev elop ed to reduce the

�
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Fig. 2.1 . Memory hier ar chy and sp e e ds [1].

time whic h the CPU is simply w aiting for data. One common hardw are strategy is

to divide computer memory in to a hierarc h y of di�eren t la y ers, with the CPU link ed

directly to the highest lev el. (See Figure 2.1a.)

The highest lev el is the most exp ensiv e, smallest, and fastest of all la y ers. Lo w er

lev els are progressiv ely larger, c heap er, and slo w er. The la y ers (from highest to lo w est)

are registers, cac he, main memory , disk, and tap e. By memory sp eed here, w e mean

time for the cen tral pro cessor to retriev e a piece of information from wherev er it is

stored. When the CPU mak es a request for data, eac h la y er (b eginning with the �rst

lev el cac he) attempts to satisfy the request. The goal is that data whic h is frequen tly

requested is as high in the hierarc h y as p ossible and therefore a v ailable to the CPU

with little dela y .

The cac he is itself a hierarc h y L1, L2, . . . (lev els of cac he). One or t w o lev els of

cac he is t ypical. The L1 cac he is smaller and 2 to 6 times faster than the L2 cac he.

The L2 cac he in turn is smaller than but still 10 to 40 times faster than main memory

(see Figure 2.1b). The smallest blo c k of data mo v ed in and out of a cac he is a cac he

line. A cac he line holds con tiguous pieces of data, e.g., the comp onen ts v ( i ) through

v ( i + j ) of a v ector, where j is small (e.g., 4, 16, or 32). If the data that the CPU

requests is in a cac he line, it is called a cac he hit. Otherwise data m ust b e copied

from main memory in to a line, resulting in a cac he miss. It is clearly adv an tageous

to maximize the n um b er of cac he hits, since the cac he is faster than main memory

in ful�lling the CPU's request. F or more detailed information on memory hierarc hies

and cac he design, see [4 ] and [8].

W e note that b oth the memory bandwidth (the maxim um sp eed that blo c ks of

data can b e mo v ed in a sustained manner) as w ell as memory latency (the time it tak es

mo v e the �rst w ord(s) of data) con tribute to the inabilit y of co des to ac hiev e an ything

close to p eak p erformance. If latency w ere the only problem, then most n umerical

co des could b e written to include prefetc hing commands in order to execute v ery close

to the CPU's p eak sp eed. Prefetc hing refers to a directiv e or manner of co ding (whic h

is unfortunately compiler and hardw are dep enden t), for data to b e brough t in to cac he

b efore the co de w ould otherwise issue suc h a request.

F or example, supp ose that a co de runs on a mac hine where the main memory has

a latency of 100 clo c k cycles. W e could prepro cess the co de so that new cac he lines
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are needed 100 cycles apart. Hence, w e think that w e ha v e a co de for whic h all data

is a v ailable almost exactly when it is required. Unfortunately this is not ho w memory

subsystems op erate. The rest of the cac he line ma y or ma y not b e a v ailable once the

�rst w ord is a v ailable. There ma y b e more time needed to clear write bac k cac he lines

and the amoun t of time needed to read or write a cac he line is frequen tly di�eren t

(the write tak es longer, as m uc h as t wice as long as a read). A n um b er of op erations

ma y b e using the memory bus that in terfere with just mo deling it b y latency .

With a red-blac k Gauss-Seidel metho d and a problem to o large to �t en tirely in to

cac he, eac h unkno wn passes through cac he at least t wice during eac h iteration. R •ude

and Stals [10 ],[11] and Douglas[3 ], ho w ev er, use a simple c hange so that data passes

through cac he only once. They assume a rectangular grid and a 5 or 9 p oin t stencil.

Tiling is a soft w are tec hnique whic h is often used to main tain data in cac he for as long

as p ossible [9 ]. Tiling is not able to handle ev en the red-blac k case on a rectangular

grid, m uc h less dynamically c hanging data structures, suc h as those encoun tered in

adaptiv ely c hosen, unstructured grids. Our goal is to dev elop a v arian t of the Gauss-

Seidel metho d for second order elliptic partial di�eren tial equations with v ariable

co e�cien ts (see x 4) on unstructured grids.

T o b e e�ectiv e our tec hnique needs a mo derately large cac he. On curren t pro cessor

t yp es, the L1 cac he is t ypically to o small to b e useful for our purp oses. W e therefore

orien t our tec hnique to w ards the L2 cac he, whic h is t ypically at least sev eral h undred

kilob ytes. Note that on a system with a L3 cac he, w e target that instead of the m uc h

smaller L2 cac he.

W e assume that half of the L2 cac he is a v ailable for program execution and that

other pro cesses (e.g., the op erating system ones in particular) use the rest. This

assumption came from a study of man y di�eren t pro cessors and op erating systems

while the researc h for [9] w as b eing done.

3. Motiv ation from Structured Grids. No w assume a 5 p oin t discretization

on a rectangular mesh. (The same ideas apply to a 9 p oin t stencil.) Supp ose that

an m � n blo c k of no des �ts in cac he. All no des in cac he get one up date. W e then

shrink the blo c k w e are computing on b y one along its b oundary and relax again on

an ( m � 2) � ( n � 2) subblo c k. Note that a bu�er of t w o columns and t w o ro ws of

no des is not up dated in order to main tain bit wise the same answ er as the standard

(naturally ordered) Gauss-Seidel. Con tin uing, on an ( m � 2 i ) � ( n � 2 i ) subblo c k, i + 1

relaxations are p erformed while still main taining the exact same up dates as in the

standard implemen tation of Gauss-Seidel. Assuming that all four sides of the blo c k

are cac he blo c k b oundaries, ( m � 2 i ) � ( n � 2 i ) no des get i + 1 up dates. W e can sa y

that in general ( m � 2 k + 1) � ( n � 2 k + 1) no des get k up dates. Hence, if w e require

only k up dates,

( m � 2 k + 1)( n � 2 k + 1)

mn

� 100%

of the data passes through cac he once instead of k times.

F or most m ultigrid applications k is quite small, t ypically 1 to 5. The case k = 1

is irrelev an t to this pap er. F or the t ypical curren t sizes of L2 cac hes, m and n are

quite large. T able 3.1 sho ws ho w man y no des are completely up dated with one pass

through cac he for a v ariet y of cac he sizes and k 2 f 3 ; 4 ; 5 g : W e assume a 5 p oin t

discretization and that half of the total cac he is a v ailable for data storage. W e also

assume that a data w ord is 8 b ytes and that there is 1 unkno wn p er no de. F or eac h
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Largest grid Num b er of relaxations desired

Av ailable that �ts 3 4 5

cac he size in cac he % #no des % #no des % #no des

128 kb 48 � 49 80.44 1892 73.21 1722 66.33 1560

256 kb 68 � 69 85.93 4032 80.61 3782 75.45 3540

512 kb 97 � 97 89.96 8464 86.09 8100 82.30 7744

1024 kb 136 � 137 92.81 17292 90.01 16770 87.25 16256

T able 3.1

Per c entage of no des which ar e up date d c ompletely with one p ass thr ough c ache.

2524232221

2019181716

10

11 12 13 14 15

1 2 3 4 5

6 8 97

1 1 1

3

2 2 1

12

W

W

W

2

1

3

(a) After up dating 


1

.

2524232221

2019181716

10

11 12 13 14 15

1 2 3 4 5

6 8 97

1 1 1

3 3

2 2 2 2 2

3 3

1 1

3

(b) After up dating 


2

.

2524232221

2019181716

10

11 12 13 14 15

1 2 3 4 5

6 8 97

1 1 1

3 3

2 2 2 2 2

3 3

1 1

3

1 1 1 1 1
1 1111

(c) After up dating 


3

.

Fig. 3.1 . Se c ond structur e d grid example.

unkno wn, the Gauss-Seidel algorithm requires the nonzero co e�cien ts from a ro w of

the matrix, the corresp onding unkno wns, and the righ t hand side en try .

No w consider a second example in v olving a 5 p oin t discretization on a rectangular

mesh. Supp ose w e apply a Gauss-Seidel sc heme. Assume that information for at least

ten no dal v alues �ts in to cac he. F or clarit y w e use a domain decomp osition notation

ev en though w e are not actually using a domain decomp osition iterativ e metho d or

dev eloping a blo c k preconditioner sc heme. What follo ws is a global p oin t wise Gauss-

Seidel sc heme. W e decomp ose the grid in to three sub domains, 


1

; 


2

; and 


3

(see

Figure 3.1a). Eac h 


i

is a blo c k that �ts en tirely in to cac he.

Using the natural ordering, the nine no des in 


1

are up dated once. The k ey

observ ation here is that a no de can b e up dated as so on as all of its neigh b ors ha v e

the correct n um b er of up dates. Hence, w e up date no des 1,2,6 and 7 a second time.

Finally , no de 1 is up dated a third time. So without an y data mo v emen t, w e ha v e

done �v e more no de up dates than one standard Gauss-Seidel sw eep w ould on these

nine no des. F urthermore, w e ha v e bit wise the same solution at no de 1 as with the

standard Gauss-Seidel algorithm has after three sw eeps (see Figure 3.1a).

W e no w iterate in 


2

. W e up date all no des one time. Then w e return to 


1

and

up date no des 3 and 8 a second time. No w w e up date no des 4,5,9 and 10 a second

time. Finally , w e up date no des 2-5 a third time. This is depicted in Figure 3.1b.

Finally , w e iterate in 


3

. W e up date all no des in 


3

once (see Figure 3.1c).

Returning to 


1

and 


2

, w e up date (in order) no des 11-15 a second time, no des 6-10

a third time, no des 16-20 a second time, 21-25 a second time, 11-15 a third time, 16-20

a third time, and 21-25 a third time. The up dating of all no des is no w complete.
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Note that partially up dated cac he blo c ks m ust b e partially revisited, but that only

those no des close to the b oundaries b et w een blo c ks need to b e up dated. In realistic

situations the cac he blo c ks are quite large with resp ect to the n um b er of unkno wns

that ha v e to b e revisited.

F rom this small example, w e see that with some rearrangemen t, bit-wise the

same answ er is calculated as a standard Gauss-Seidel implemen tation, but with less

data mo v emen t through cac he. In ligh t of the discussion on memory hierarc hies, w e

exp ect that suc h a rearrangemen t w ould result in faster run times than a standard

Gauss-Seidel implemen tation on the same problem.

Note that the natural ordering w as used in the small example. Supp ose a m uc h

larger example had b een considered on an irregularly shap ed domain with irregularly

shap ed cac he blo c ks. If w e pic k an ordering carefully , more up dates are p ossible

within a sub domain without referencing no des in other sub domains. Iden tifying b etter

orderings is the motiv ation for the follo wing discussions.

4. Unstructured Grids. In this section, w e extend the ideas from x 3 to the

case of an unstructured grid. W e use the follo wing partial di�eren tial equation as our

mo del problem:

8

<

:
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0
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. 
 is a simply connected op en region in I R

2

. Our co de allo ws for v ector

base functions.

Although w e use structured grid examples in the follo wing discussions, w e treat

the problems as v ariable co e�cien t problems and do not use an y structured grid

information. Once again, w e mo dify the standard implemen tation of Gauss-Seidel to

b e cac he a w are.

First w e iden tify blo c ks of no des whic h �t in to cac he (cac he blo c ks). T o di�er-

en tiate b et w een the ph ysical problem b oundary and in ternal cac he blo c k b oundaries,

w e lab el as @ 


i

the no des in 


i

whic h are adjacen t to an y no de in another 


j

. Then

w e relax as man y times as p ossible on eac h blo c k while it is in cac he. No des on the

b oundary of eac h blo c k p oten tially ha v e dep endencies on no des in other blo c ks, so

passing all of a blo c k through cac he once is not p ossible. If w e minimize the b ound-

aries of blo c ks, ho w ev er, w e can p oten tially reduce the dep endency of one blo c k on

others. In particular w e can design an algorithm whic h only brings a small n um b er

of cac he lines in to cac he more than once.

Once a cac he blo c k is iden ti�ed, w e need to kno w ho w man y relaxations are

p ossible for eac h no de without referencing another blo c k . This requires calculating

the minim um distance of all no des to their cac he blo c k b oundary @ 


i

.

Consider a cac he blo c k 


j

. Iden tifying the n um b er of up dates p ossible for eac h

no de in 


j

without ha ving to up date a no de in another blo c k is equiv alen t to iden ti-

fying the distance of eac h no de to the b oundary @ 


j

. Let the v ector D b e suc h that

D

i

is the n um b er of relaxations p ermissible on an y no de i in 


j

. Then w e see that D

i

is the length of the shortest path b et w een no de i and an y no de on the b oundary @ 


j

,

where the length of a path is the n um b er of no des in a path. W e assume that D

i

= 1

for an y no de i on @ 


j

. The algorithms for calculating D for all no des in a blo c k are

giv en in Figure 4.1. Algorithm \Lab el-Boundary-No des" �nds distances of all no des

in the in ternal cac he b oundary . Algorithm \Lab el-In ternal-No des" �nds the distances
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Algorithm Lab el-Boundary-No des :

Initialize stac ks S

1

and S

2

.

Set D

i

= 0 for all i .

Find an y no de i on in ternal cac he

b oundary @ 
 of cac he blo c k 
.

Push i on to S

1

.

Repeat un til S

1

is empt y:

P op no de i o� S

1

.

If distance D

i

is unkno wn:

Set distance D

i

= 1.

F or eac h no de j adjacen t to i

and in 
:

If j is on @ 
:

Set distance D

j

= 1.

Push j on to S

1

.

else:

distance D

j

= 2.

Push j on to S

2

.

End if

End for

End if

End rep eat

Algorithm Lab el-In ternal-No des :

Repeat un til S

2

is empt y:

Mo v e con ten ts of S

2

to S

1

.

Rep eat un til S

1

is empt y:

P op no de i o� S

1

.

F or eac h no de j adjacen t to i

and in 
:

If distance D

j

is unkno wn:

Set distance D

j

= D

i

+ 1 :

Push j on to S

2

.

End if

End for

End rep eat

End rep eat

Fig. 4.1 . A lgorithms for �nding the numb er of r elaxations p ermissible on e ach no de of a c ache

blo ck.

of all no des in ternal to a cac he blo c k. The motiv ation for b oth algorithms is Dijkstra's

metho d for �nding the shortest path b et w een t w o no des [2]. A no de is \mark ed" if its

distance is kno wn, and a no de is \scanned" if all its neigh b ors' distances are kno wn.

Note that scanned implies mark ed, but mark ed do es not imply scanned.

Both algorithms main tain t w o stac ks. Initially the �rst stac k con tains no des

that are mark ed but not scanned, i.e., their distances are kno wn, but they ma y ha v e

neigh b ors whose distances are unkno wn. The second stac k is initially empt y . When a

no de is p opp ed o� of the �rst stac k and scanned, all neigh b oring unscanned no des are

pushed on to the second stac k. As so on as the �rst stac k is empt y , the stac ks switc h

roles. The algorithm is done when b oth stac ks are empt y .

A t the conclusion of Algorithm 4.1, v ector D con tains the minim um distance from

eac h no de of blo c k 


j

to the b oundary @ 


j

.

Theorem 4.1. The c omputational c omplexity of the c ombine d algorithms \L ab el-

Boundary-No des" and \L ab el-Internal-No des" is O ( N ) , wher e N is the numb er of

no des in a c ache blo ck.

Pr o of . Let N b e the n um b er of no des in a cac he blo c k and c

i

the n um b er of

connections to no de i . Eac h no de i is scanned only once, and at most c

i

no des are

mark ed when i is scanned. Therefore

P

N

c

i

no des are examined. W e assume that

c

i

� K for some K 2 I N and K � N , hence

P

N

c

i

� N K , whic h is linear in N .

5. Description of implemen tation. Algorithms \Lab el-Boundary-No des"

and \Lab el-In ternal-No des" are implemen ted in C, as are other prepro cessing steps.

C allo ws 
exibilit y in data structure design and dynamic memory allo cation. The k ey

Gauss-Seidel metho ds and the grid op erators are implemen ted in F ortran 77 b ecause

F ortran compilers are w ell-optimized for n umerical routines.

The implemen tation has sev eral ma jor blo c ks.

� F or eac h blo c k, p erform one-time calculation of distances of eac h no de from

blo c k b oundary .

� F or eac h blo c k, p erform one-time ren um b ering of no des based on distance
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information.

� P erform one-time reordering of matrix and op erators based on new no dal

ordering.

� P erform Gauss-Seidel relaxation on cac he blo c ks.

� Calculate residual as so on as p ossible during Gauss-Seidel up dates.

The distance calculation has already b een discussed. W e concen trate on the one-

time reordering, the Gauss-Seidel metho d, and the residual calculation in xx 5.1-5.3.

5.1. One-time Reordering Sc heme. Domain decomp osition soft w are for par-

allel computers is readily a v ailable for iden tifying connected groups of no des whic h

minimize comm unication b et w een groups. One suc h pac k age is the METIS library [5].

Therefore w e assume that the grid has b een divided in to k blo c ks of unkno wns (cac he

blo c ks) and that within a blo c k the n um b ering is con tiguous (see Figure 5.1a). Note

that con tiguous n um b ering greatly simpli�es the searc h for b oundary no des. In blo c k

j the unkno wns whic h are on the blo c k b oundary are lab eled as b eing on subblo c k 1,

L

j

1

. In general, let L

j

i

denote those unkno wns in blo c k j whic h are distance i from

the b oundary . Let L

1

n 1

b e the subblo c k of blo c k 1 farthest from @ 


1

. The algorithm

ren um b ers the unkno wns in L

1

n 1

; L

1

n 1 � 1

; : : : ; L

1

1

; L

2

n 2

; : : : L

2

1

; : : : ; L

k

nk

; L

k

nk � 1

; : : : ; L

k

1

, in

that order (see Figure 5.1b). The result is a no dal ordering whic h is con tiguous within

blo c ks and subblo c ks. This ordering has the prop ert y that unkno wns whic h are closer

to the blo c k b oundary ha v e a higher n um b er than those further from the b oundary .

Num b ering within a subblo c k is con tiguous but arbitrary .

Supp ose w e do m up dates plus the residual calculation. Then it is necessary to

ha v e m + 1 subblo c ks instead of the m subblo c ks necessary for just the m up dates.

The �rst time cac he blo c k i is visited, all no des in L

i

m +1

and L

i

m

can b e fully up dated.

The residual can only b e calculated in L

i

m +1

since the no des in L

i

m

dep end on no des

whic h are not y et fully up dated. The residual calculation will b e discussed in more

detail in x 5.2.

As a prepro cessing step, all matrices and transfer op erators are reordered accord-

ing to the new grid n um b ering. A cac he a w are Gauss-Seidel metho d is then applied

whic h is similar to that describ ed in the structured grid case. W e ha v e c hosen to visit

the blo c ks sequen tially . Hence, the cac he a w are Gauss-Seidel metho d up dates the

no des in blo c ks 1,2,3, etc. as m uc h as p ossible in that order. Then blo c ks 1,2,3, etc.

are revisited in that order and up dated as m uc h as p ossible. The pro cess con tin ues

un til all unkno wns are fully up dated.

5.2. Residual Calculation. A m ultigrid strategy also requires residual calcu-

lations. T o main tain cac he e�ects obtained during the smo othing step, the residual

should also b e calculated in a cac he a w are w a y . Consider the linear equation Ax = b ,

where A = ( a

ij

). Supp ose that w e solv e this system b y a Gauss-Seidel metho d. W e

w ould lik e to calculate the residual, r = b � Au , where u is the calculated solution.

Let x b e the appro ximation to u on the next to last iteration of the Gauss-Seidel

iteration. On the �nal Gauss-Seidel up date,

u

i

=

1

a

ii

( b

i

�

X

j <i

a

ij

u

j

�

X

j >i

a

ij

x

j

) �

1

a

ii

( b

i

� C

i

�

X

j >i

a

ij

x

j

) :

The partial sum C

i

also app ears in the residual calculation

r

i

= b

i

�

X

j

a

ij

u

j

= b

i

�

X

j <i

a

ij

u

j

� a

ii

u

i

�

X

j >i

a

ij

u

j

� b

i

� C

i

� a

ii

u

i

� U

i

:

7



W W

WW
1

2

3

4

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

19 20 21

22 23 24

25 26 27

28 29 30

31 32 33

34 35 36

(a) Before ren um b ering.

W W

WW
1

2

3

4

3

4

2

1

6

789

10 11

1213

14 15 16

17

18

23 1922

24 21 20

25 26 27

32 35 36

33 31 29

34 30 28

5

Subblock 1

Subblock 2

Subblock 3

(b) After ren um b ering.

Fig. 5.1 . R enumb ering example.

Therefore w e can sa v e C

i

and use it later in the residual calculation. F urthermore,

a

ii

u

i

= b

i

�

P

j 6= i

a

ij

x

j

. Hence, after the �nal Gauss-Seidel up date on unkno wn

x

i

, only U

i

need b e calculated to �nish the residual r

i

. In our implemen tation, the

partial sum U

i

corresp onds exactly to the unkno wns x

j

whic h are in the neigh b oring

un�nished subblo c k.

These observ ations motiv ate our implemen tation of the residual calculation in

the cac he a w are Gauss-Seidel routine. Consider the �rst pass through a giv en cac he

blo c k during a smo othing step. All unkno wns are completely up dated except those

in subblo c ks 1 ; : : : ; n � 1 (assuming n up dates). W e assume that blo c k i consists of

no des distance i from @ 


i

. The k ey p oin t is that eac h unkno wn x

i

in subblo c k j

dep ends only on unkno wns in subblo c ks j � 1, j , and j + 1. Therefore, the residual

can b e fully calculated for all unkno wns in subblo c k n + 1 (if it exists). The partial

sum C

i

is a v ailable for the residual calculation at eac h unkno wn x

i

in subblo c k n . No

residual calculation is p ossible for unkno wns in subblo c ks 1 ; : : : ; n � 1.

On the p th pass through the same cac he blo c k, the no des are up dated in order on

subblo c ks 1 ; 2 ; : : : ; n � p + 1. Note that all no des in subblo c k n � p + 1 are no w fully

up dated. This means that the partial sum C

i

is a v ailable for the residual calculation

for eac h unkno wn x

i

in subblo c k n � p + 1 and the partial sum U

j

is a v ailable for eac h

unkno wn x

j

in subblo c k n � p + 2. In other w ords, as so on as the no des in subblo c k

n � p + 1 ha v e b een up dated for the last time, the residual calculation for subblo c k

n � p + 1 can b e started, and the residual calculation for subblo c k n � p + 2 can b e

�nished.

F or example, assume that 3 Gauss-Seidel up dates are to b e p erformed in a blo c k

with at least 3 subblo c ks. The residual can b e fully calculated in cac he for all no des

except those in subblo c ks 1-3. F urthermore, a partial residual can b e calculated in

subblo c k 3. On the second pass through the cac he blo c k, subblo c k 2 is fully up dated,

a partial residual is computed in subblo c k 2, and the residual is completed in subblo c k

3. On the third pass through the blo c k, subblo c k 1 is fully up dated. Once all cac he

blo c ks are fully up dated, the residual can b e completed in the �rst subblo c k of eac h

blo c k.
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5.3. Data Structures. The cac he a w are Gauss-Seidel subroutine dep ends on

3 ma jor data structures whic h store the matrix, starting and stopping indices for

subblo c ks and blo c ks, and groups of ro ws with the same n um b er of nonzeros. Eac h

of the structures has b een organized to enhance data lo calit y .

The matrix is stored in a format requiring 3 arra ys. The �rst arra y is a v ector

of indices in to the nonzero matrix en tries and the corresp onding column indices. In

addition to nonzero en tries, the diagonal's recipro cal and the corresp onding righ t hand

side en try are also stored.

F or a giv en cac he blo c k, all subblo c k information is stored con tiguously . Subblo c k

1 is stored �rst, then subblo c k 2, and so on. Hence, lo oping o v er subblo c ks in the

cac he a w are Gauss-Seidel implemen tation only requires lo oping o v er the same stored

data.

The next ma jor data structure is a t w o dimensional in teger arra y whic h iden ti�es

groups of ro ws to whic h a giv en stencil applies. This is useful b ecause the ma jorit y

of ro ws ha v e a common n um b er of nonzeros. The use of a stencil eliminates lo op

o v erhead and facilitates soft w are pip elining. F urthermore, no \if-then" c hec ks are

necessary in the innermost Gauss-Seidel lo op, since groups of ro ws whic h can use

the stencil ha v e b een iden ti�ed in a prepro cessing step. Finally , this idea is easily

extendible to the cases where more that one t yp e of stencil commonly o ccurs.

The �nal ma jor data structure is a t w o-dimensional in teger arra y whic h stores

starting and stopping unkno wns for eac h subblo c k and blo c k. The ma jor adv an tage

of this data structure is that subblo c k information for a giv en cac he blo c k is stored

con tiguously in a v ery small arra y .

6. Numerical Exp erimen ts. Numerical exp erimen ts w ere p erformed on an

SGI O2 with an 155 Mhz IP32 R10000 CPU, 128 MB of main memory , a 2 � 32KB

split L1 cac he, and a 1 MB uni�ed 4-w a y secondary cac he. Cac he line lengths are

32 b ytes (L1 instruction cac he), 64 b ytes (L1 data cac he), and 128 b ytes (L2 cac he)

[7]. The nativ e cc and f77 compilers w ere used. The METIS soft w are pac k age w as

used to decomp ose all domains in to cac he blo c ks. An e�ectiv e cac he size of 512 KB

is assumed.

W e solv e a t w o dimensional linear elastic problem on a domain shap ed lik e the

state of T exas (see Figure 6.1). The domain is discretized with linear triangular

elemen ts, and eac h no de has t w o degrees of freedom. The northern-most horizon tal

b order has zero Diric hlet b oundary conditions at the corner p oin ts, and a force is

applied at the southernmost tip in the do wn w ard (southern) direction.

In the �rst test, w e use a non-in trusiv e p erformance measuremen t to ol to analyze

the cac he e�ciency of the v arious Gauss-Seidel implemen tations. W e solv e b y the

Gauss-Seidel metho d in order to ev aluate cac he e�ciency . Note that the L2 cac he

hit rate impro v es from ab out 50% for the v ery go o d, but standard implemen tation to

75% or more for the cac he a w are v ersion (see Figure 6.2a). As the n um b er of up dates

increases, the hit rate increases. This is exp ected, since more up dates mean more

w ork in eac h cac he blo c k during the �rst visit to that blo c k. The cac he a w are metho d

also reuses cac he lines 3 to 4 times on a v erage. This n um b er increases as the n um b er

of up dates increases, for the same reason that the cac he hit rate increases (see Figure

6.2b).

In the second test, w e analyze the cac he e�ciency of a m ultigrid co de using

the v arious Gauss-Seidel implemen tations. W e used 150 V cycles and three nested

meshes to solv e eac h problem. The m ultigrid co de whic h uses a standard Gauss-Seidel

implemen tation exhibits cac he hit rates of ab out 50%. The hit rate impro v es to ab out
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Fig. 6.1 . Co arsest grid use d in numeric al tests.
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Fig. 6.2 . Pr o�ling statistics for various Gauss-Seidel implementations only.

70% or more for the m ultigrid co de using cac he a w are Gauss-Seidel (see Figure 6.3a).

The cac he a w are m ultigrid co de also reuses cac he lines ab out 2 to 3 times (see Figure

6.3b).

7. Concluding Remarks. W e ha v e implemen ted a Gauss-Seidel metho d that

tak es adv an tage of large and fast L2 cac hes. This implemen tation is designed for

v ariable co e�cien t, m ulti-comp onen t PDE's on unstructured meshes. The k ey idea

is a one-time reordering of the linear systems based on ph ysical grid information

and usable cac he size. T esting indicates that a m ultigrid co de whic h incorp orates

this cac he a w are metho d signi�can tly impro v es the L2 cac he usage. F urthermore,

comparisons indicate that the Gauss-Seidel cac he e�ciency giv es a go o d indication of

the o v erall cac he e�ciency of the m ultigrid co de.

W e ha v e not targeted in tegrated L1 cac hes since almost all of these are curren tly
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Fig. 6.3 . Pr o�ling statistics for multigrid c o des.

to o small. With the in tro duction of a new generation of CPU's with a v ery large on

c hip L1 cac he (e.g.,the HP P A8500 CPU with 1 : 5MB of L1 cac he and no L2 cac he)

w e will b e able to extend our w ork to L1 cac hes. W e exp ect to see a signi�can t

p erformance impro v emen t. W e also in tend to extend our co de to three dimensions.

REFERENCES

[1] G. Astf alk . Priv ate comm unication, 1998.

[2] E. W. Dijkstra , A note on two pr oblems in c onnexion with gr aphs , Numer. Math., 1 (1959),

pp. 269{271.

[3] C. C. Douglas , Caching in with multigrid algorithms: pr oblems in two dimensions , P aral.

Alg. Appl., 9 (1996), pp. 195{204.

[4] J. Hand y , The Cache Memory Bo ok , Academic press, New Y ork, 1998. Second edition.

[5] G. Kar ypis , METIS serial gr aph p artitioning and matrix or dering softwar e . In URL

h ttp://www-users.cs.umn.edu/ � k arypis/metis/metis/main.sh tml, Departmen t of Com-

puter Science and Engineering, Univ ersit y of Minnesota, Minneap olis, MN, USA.

[6] V. Meiser , ed., Computational Scienc e Educ ation Pr oje ct , Computational Science Education

Pro ject, 1996. In URL h ttp://compsci.cas.v anderbilt.edu/csep/CSEP .h tml.

[7] MIPS R10000 Micr opr o c essor User's Manual , MIPS T ec hnologies, Inc, v ersion 1.1 ed., 1996.

[8] D. A. P a tterson and J. L. Hennessy , Computer A r chite ctur e: A Quantative Appr o ach ,

Morgan Kaufmann Publishers, Inc., San Mateo, CA, 1996.

[9] J. Philbin, J. Edler, O. J. Anshus, C. C. Douglas, and K. Li , Thr e ad sche duling for

c ache lo c ality , in Pro ceedings of the Sev en th A CM Conference on Arc hitectural Supp ort

for Programming Languages and Op erating Systems, Cam bridge, MA, 1996, A CM, pp. 60{

73.

[10] L. St als and U. R

•

ude , E�cient implementation of multigrid on c ache b ase d ar chite ctur es .

Submitted, 1997.

[11] , T e chniques for impr oving the data lo c ality of iter ative metho ds , T ec h. Rep. MRR 038-97,

Australian National Univ ersit y , 1997.

11


