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What do You Stand For?

A PDE is a Partial Differential Equation

* This is an equation with derivatives of at
least two variables in it.

* In general, partial differential equations
are much more difficult to solve
analytically than are ordinary differential
equations



What Does a PDE Look Like

* Let u be a function of x and y. There are
several ways to write a PDE, e.qg.,

-u, +u,=0
— ou/ox + ou/oy =0



The Baskin Robin’s esqg

Characterization of PDE’s

* The order is determined by the maximum
number of derivatives of any term.
* Linear/Nonlinear

— A nonlinear PDE has the solution times a

partial derivative or a partial derivative raised
to some power In it

* Elliptic/Parabolic/Hyperbolic



Six One Way

« Say we have the following:
Au,, + Bu,, + Cu,, + Du, + Eu, + F =0.
« Look at B2 -4AC
— < 0 elliptic
— = 0 parabolic
— > 0 hyperbolic



Or Half a Dozen Another

* A general linear PDE of order 2:

n n
Z A, + Zbl.uxi +cu=d.
i,j=1 i=1

« Assume symmetry in coefficients so that A = [al]]
Is symmetric. Eig(A) are real. Let P and Z denote
the number of positive and zero eigenvalues of

— Elliptic:Z=0andP=norZ=0and P =0..

— Parabolic: Z > 0 (det(A) = 0).

— Hyperbolic: Z=0and P =1o0orZ=0and P = n-1.
— Ultra hyperbolic: Z=0and 1 <P <n-1.



Elliptic, Not Just For Exercise
Anymore

 Elliptic partial differential equations have
applications in almost all areas of
mathematics, from harmonic analysis to
geometry to Lie theory, as well as
numerous applications in physics.

* The basic example of an elliptic partial
differential equation is Laplace’s Equation

— Uy - Uy, =0



The Others

* The heat equation is the basic Hyperbolic
— U - Uy, - Uy, =0

 The wave equations are the basic
Parabolic
—U-u,-u, =0
— Ut = Uy = Uyy = O

* Theoretically, all problems can be mapped
to one of these



What Happens Where You
Can’t Tell What Will Happen

* Types of boundary conditions

— Dirichlet: specify the value of the function on a
surface

— Neumann: specify the normal derivative of the
function on a surface

— Robin: a linear combination of both

* |nitial Conditions



Is It Worth the Effort?

« Basically, is it well-posed?
— A solution to the problem exists.

— The solution Is unique.

— The solution depends continuously on the
problem data.

* In practice, this usually involves correctly
specifying the boundary conditions



Why Should You Stay Awake
for the Remainder of the Talk?

 Enormous application to computational
science, reaching into almost every nook
and cranny of the field including, but not
limited to: physics, chemistry, etc.



Example

» Laplace’s equation involves a steady state
in systems of electric or magnetic fields in
a vacuum or the steady flow of
iIncompressible non-viscous fluids

* Poisson’s equation is a variation of
Laplace when an outside force is applied
to the system



Poisson Equation in 2D

¢ —ug—u,=1in(0,1¥;u=00n 5(0,1).




Example: CFD




The Prolongation Operator

> The grid change is exactly the opposite
of restriction

(1,3)° 2.3)° 3.3)°
(1,2)° 22)° 32)°
L,)® 2,)° 3,1)°




Prolongation vs. Restriction

> The most efficient multigrid algorithms use
prolongation and restriction operators that
are directly related to each other. In the one
dimensional case, the relation between
prolongation and restriction is as follows:




Full Multigrid Algorithm

1.Smooth 1nitial U vector to receive a new approximation Ug
2. Form residual vector: Rq=b -A Uqg
3. Restrict Rq to the next courser grid — Rg-1
4. Smooth Ae= Rq.1 starting with e=0 to obtain e,
J.Form a new residual vector using: Rq-1= Rq-1 -A €4
6. Restrict Rz (5x? where 7=5) down to R1(3x? where 723)
7. Solve exactly for Ae= R to obtain ¢,
8. Prolongate e;—¢; & add to e, you got from restriction
9. Smooth Ae= R> using e, to obtain a new e,
10. Prolongate e4.; to €4 and add to Uq
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Practice (Option)

Introduce the following processing

by read the book “A Tutorial on Elliptic PDE
Solvers and Their Parallelization”

Weak Discrete

Form Matrix




