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Shallow Water Equations

e Good approximation to fluid motion equations

— When fluid density 1s homogenous and depth is small in
comparison to characteristic horizontal distances

— Coastal areas
— Reduces complicated 3D problem to 2D

* In solving 3D primitive hydrostatic equations with
top surface of the fluid free to move

— Free surface allows gravity wave propagation at speed

N

— Qravity wave speed greatly exceeds advective velocity
in deep of oceans and is culprit of restrictions on time
steps



Cost Cutting by Dynamics Splitting

« Barotropic (external modes)
— Akin to shallow water equations
— Govern evolution of gravity waves
— Solved implicitly to avoid excessively small time steps

e Baroclinic (internal waves)
— Eliminate gravity wave speed restrictions

— Solved explicitly using large time steps



Time Splitting for Implicit Terms Only

« Uzawa-like splitting used for pressure and velocity
unknowns. Pressure equation results in a SPD system
— Can use an inexpensive, robust CG solver
— Matrix never stored

— Only a matrix-vector operation available

e Preconditioners
— Standard is a diagonal based one

— New one specifically tailored to Spectral Ocean Element
Model (SEOM) using an Additive Schwarz Method (ASM)



Spectral Ocean Element Method (SEOM)

 Novel feature

— Isopycnal coordinates vertically, spectral horizontally

* Benefits of spectral discretization

— Geometric flexibility through unstructured and quasi-
unstructured grid

— Dual 4-p paths to convergence
— Low numerical dispersion and dissipation errors

— Dense computational kernels lead to splendid parallel
scaling



Dual h-p Spectral Finite Element Methods



Multiple Layer Rationale

* Benefits
— Ease of development (stacked shallow water equations)
— Minimization of cross-isopycnal diffusion
— Eliminates pressure gradient errors
— Baroclinic process representation
— Cost savings over full 3D model

* Appropriate for

— Wind driven simulations, eddy formulations, and (in
part) flow/topology interaction



Five Layer Example
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Derivation of Numerical Model

i, +gVe =F and {,+V-[(h+()i]=0.
u =(u,v) is the velocity vector.
£  1s the sea surface displacement
g 1s the gravity acceleration
h  is the resting depth of the fluid
Q is a mass source/sink term

F=(f",f") is the generalized forcing term for the
momentum equations: Coriolis force, nonlinear advection,
viscous dissipation, and wind forcing

No slip boundary conditions are imposed to complete the
system



Variational Form

In Cartesian coordinates:
[ouda+ | gl 0dd = fodd,

[ovda+[ g ,pdd=foda,

ng dA— I(\pu —y V)(h+C)dA = jQq;dA

Where () and W are the Veloc1ty and pressure test
functions. The integration by parts leads to a SPD
system.



Semi-Implicit Integration

e QGravity waves
— Terms g€ and V-(hu) cause trouble.
— Use Crank-Nicolson scheme to solve implicitly.

 Rest of the terms

— Do not cause trouble.

— Use third order Adams-Bashforth scheme to solve
explicitly.



Time Discretized Equations
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Spatial Discretization

e Spectral formulation with NP = NV -2,

velocity: || pressure:

 For each element, we can write

u@Em) =Y uep) ) M),

k,l=1

CEM)= Zéi,jui”(i)uf(n)



Galerkin Formulation

* Reduces problem to algebraic equations with a, b,
c obvious substitution. Let M and M” be the
mass matrices, G* and G” be the discrete gradient
operators, and D" and D” are components of the
discrete gradient operators. Then the Galerkin
formulation is simply

T M'u+.5¢GC =a
T M'v+.5gG*C =b
~5Du—-5D"v+1 ' M?C =c
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