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Description of FAS and AMGe based on
Element Agglomeration.

Scalabilit y of the FAS-AMGe algorithm and
robustness study .
Compa rative study:

{ Op erato r vs non-op erato r dep endent In-
terp olation study .

{ Interp olation update study.

{ Point vs System smo other study.



Cha racteristics of the
Problem

Given a nonlinea r elliptic scalar equation of the
form

A(u) = f;
where

A(u) = G(u)u;

want to solve numerically its discretized version

APy = M



Steady state of

Reaction Di®usion Equations

u(x; t) density function in a di®usion medium

Conservation equation in steady state .

Nonlinea r constitutive relation

Flux = j a(u)r u;

and a steady state rate of generation per
unit volume of the form

g= gluwui f(x);
imply
L(u) = ir ¢a(u)r u+ g(u)u= f(x):
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Nonlinea r Di®usion

Filtration.

Phase transition.

Bio chemistry and dynamics of biological

Radiation T ransp ort.

groups.



Galerkin  Formulation

For u; v admissible test functions

(L(u);v) = (T;v);
where
Z
(L(u);v) = a(u)r u ¢r v dx
-
o g(u)uv dx;

Z
f v dx:

(f;v)



Finite Element Formulation

For ul:vh admissible test functions

(LM vy = (1Mvhyyg;

where
Z
X
(fh;vh)h = f v ax;
+ T
Z
X
(Lh(uh);vh)h = Ta(uh)r uh ¢r vh dx
W Z
+ . g(uh)uhvh dx;
X Z
Ya aT(uh) Tr uh ¢r vi dx
X z
+ gT(uh) uhvh dx:
T T

If T has vertices 1i; j;k then
ar(u) = a(bit) and gr(u) = g(tr), with

ur = S(u(i) + u(j) + u(k):



V ecto r Formulation

If & = (vp;¢¢¢vy) where vj = ' then the
previous approximation can be written as

X 3 ’

hya t hya t h.
ar(u’)? FAT+ gr(u’)? Gt ur;
.

where At sti®ness and Gt mass matrices.



Discretizations

W e consider discretizations with:

2 Unstructured triangula r nite element mesh.

2 2D geometries.

2 Averages to tak e advantage of the sti®ness
and mass matrices.



FAS 2-cycle

Want to solve AP(uh)y = fh

2 Relax Ah(u") = Mo, times on - , (initial
guess) to obtain V.

2 Given v, compute M= fh; ahwh.
2 Restrict r2h = [2hrN; v2h = 2hyh,
2 “Solve' AZh(UZh) = f2h = (2h 4 A2h(v2h)_

2h —

u2h: y2h,

2 Compute e

2 Correct vh = vh+ IgheZh.

2 Relax AM(uh) = £M:0, times on - .
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AMGe: Coarse grid
F ormation

2 Grid : Agglomerate elements.

1. Given element-no de and bounda ry-no de
relations, create all the relations needed
to construct faces as intersections.

2. Agglomerate elements (coarse elements )
to create macro elements by weighting
faces (Jones-V assilevski).

3. Find coarse grid element-no de and
bounda ry-no de relations.

4. Stop if there is only one macro element
or if the algorithm have reached the de-
sired numb er of levels. Otherwise, go
back to 1).
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Macro elements
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AMGe-F AS Metho d

V-cycle .

Grid transfer Op erato rs :

1. Determine nodes of macro elements
(coarse nodes).

2. Create coarse node- ne node relations
(i.,e., neighb orho ods for interp olation).

3. Interp olation obtained by minimizing
guadratic functional involving neighb or-
hood matrix (Jones-V assilevski).

Coarse equations : Local version of ne
nonlinea rity.

Relaxation metho ds : Picard solver, New-
ton metho d and Hybrid.
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Parameter values In
Scalabilit y and Robustness
studies

Domain is the unit sguare.

Homogeneous Dirichlet B.C.

Op erato r dependent interp olations.

Interp olations operato rs are refreshed.
Only system smo others are used.
Nonlinea r tolerances are set to 10i 6.
Solution is a multiple of x(1 j xX)y(1 i V).

Initial guess is constant (some exceptions).
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Scalabilit y of FAS-AMGe
FAS-Pica rd V(1;1)

Linear tolerances are 10i 2 and the maximum
numb er of linear iterations is 1000.

1

u2 + 101 3

a(u) = 4

g(u) = 1.

Numb er of V-cycles
Degrees of | (Numb er of linear iterations)

freedom Initial constant guess

(levels) 10 100 1000

1,089 ( 7) |14 (40) |14 (39) | 14 (398)
4225 (8) | 8(22) | 9 (29) 9 (24)
16,641 ( 9) | 5 (13) | 6 (13) 8 (17)
66,049 (11) | 7 (20) | 9 (21) 9 (21)
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Scalabilit y of FAS-AMGe
Pica rd Iteration

Linear tolerances are 10i 2 and the maximum
numb er of linear iterations is 1000.

1 .
u2+ 101 3

a(u) = 4

g(u) = 1

Numb er of nonlinea r iterations
Degrees of (Numb er of linear iterations)

freedom Initial constant guess

(levels) 10 100 1000

1,089 ( 7) | 13 (106) |29 (110) | 31 (112)
4,225 ( 8) |18 (126) | 19 ( 86) | 21 (131)
16,641 ( 9) |16 (154) |17 (201) | 18 (199)
66,049 (11) | 15 (724) |16 (718) | 16 ( 80)
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Scalabilit y of FAS-AMGe
FAS-Newton V(1;1)

Linear tolerances have been set to 101 1 and
the maximum numb er of linear iterations is

1000.
q
a(u) = U2 + u+ 1;
g(u) = O:
Numb er of V-cycles
Degrees of | (Numb er of linear iterations)
freedom Initial multiple guess
(levels) 13 26 39
1,089 (7) | 2 (1) | 4 (6) 4 (4)
4225 (8) | 2(1) | 2(2) 3 (1)
16,641 (9) | 2(2) | 2 (2 3 (4
66,049 (11) | 2 (3) | 2 (2 3(4)
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Scalabilit y of FAS-AMGe
Newton Iteration

Linear tolerances have been set to 101 1 and
the maximum numb er of linear iterations is

1000.
q
a(u) = u+ u+ 1;
gu) = 0
Numb er of nonlinea r iterations
Degrees of (Numb er of linear iterations)
freedom Initial multiple guess
(levels) 13 26 39
1,089 ( 7) 8 (7) 10 ( 4) 11 ( 8)
4,225 ( 8) 8 (13) |10 ( 13) | 11 ( 15)
16,641 ( 9) | 8 ( 22) 9 ( 14) 11 ( 25)
66,049 (11) 7 ( 31) 9 ( 30) 10 ( 34)
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Robustness  study

Mesh has 66:049 dofs and 11 levels. Linear
tolerances are 10i © and the max. numb er of
linear iterations per nonlinea r iteration is 3.

a(u) = u?+ 101 3 g(u) = u:

Nonlinea r iterations Numb er of V-cycles

Initial (linea r iterations) (Numb er of nest grid linear iterations)

guess Picard Newton FAS-Pica rd | FAS-Newton FAS-Hyb rid
1.0 15 ( 45) | 10 ( 30) 5 ( 30) 2 (12
5.0 15 ( 45) | 14 ( 42) 7 ( 42) 2 (12)
10.0 15 ( 45) | 16 ( 48) 4 ( 24) 3 (18)
20.0 13 (1 39) | 18 ( 54) 17 (102) 3 (18)
50.0 9 (27) | 20 ( 60) 10 ( 60) 2 (12
100.0 10 ( 30) | 22 ( 66) 12 (1 72) 2 (12
1000.0 |16 ( 48) | 27 ( 81) 15 ( 90) 2 (12
10000.0 8 (24) | 33 (99 diverges 3 (18)
100000.0 | 17 ( 51) | 39 (117) 22 (132) 2 (12)
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Robustness  study

Mesh has 66:049 dofs and 11 levels. Linear
tolerances are 10i © and the max. numb er of
linear iterations per nonlinea r iteration is 3.

a(u) = (u?+ 101 3)i 172 gu) = u?+ 10i 3

Nonlinea r iterations Numb er of V-cycles
Initial (linea r iterations) (Numb er of nest grid linear iterations)
guess Picard Newton FAS-Pica rd | FAS-Newton FAS-Hyb rid
0.01 6 ( 18) 4 ( 12) 2 (12 2 (12 2 (12
0.03 7 (21) 4 ( 12) 2 (12 2 (12 2 (12
0.05 8 ( 24) 4 ( 12) 2 (12) 2 (12 2 (12
0.06 8 ( 24) 5 ( 15) 2 (12) 2 (12 2 (12
0.07 8 ( 24) 7 (21) 2 (12) > 25 (150) 2 (12
0.08 8 ( 24) | > 50 (150) 2 (12 > 25 (150) 2 (12
1.0 10 ( 30) | > 50 (150) 2 (12 > 25 (150) 4 ( 24)
15.0 9 ( 27) | > 50 (150) 2 (12 > 25 (150) 4 ( 24)
50.0 7 (21) | > 50 (150) 2 (12 > 25 (150) 2 (12
100.0 8 ( 24) | > 50 (150) 2 (12 > 25 (150) 2 (12
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Conclusions

2 Numerical simulations shown scalabilit y of
the computational work of the FAS-AMGe
algo rithm.

2 Performance studies indicate nonlinea r multi-
grid schemes appear to be more ezcient
and robust for poor initial guesses than re-
peated applications of the nonlinea r system
smo other.
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