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We presenta multigrid methodfor the solution of convection diffusion equa-
tions that is basedon the combinationof recursive substructuringtechniquesand
thediscretizationon hierarchicalbasesandgeneratingsystems.Robustnessof the
resultingmethod,at leastfor a variety of benchmarkproblems,is achieved by a
partialeliminationbetweencertain"coarsegrid unknowns".

Thechoiceof thesecoarsegrid unknownsis motivatedby thephysicalproperties
of the convection diffusion equation,but is independentof the actualdiscretized
operator. The resultingalgorithmhasa memoryrequirementthat grows linearly
with the numberof unknowns. This alsoholdsfor the computationalcostof the
setupandtheindividual relaxationcycles.We presentnumericalexamplesthat in-
dicatethatthenumberof iterationsneededto solve aconvectiondiffusionequation
is widely independentof thenumberof unknowns andof the typeandstrengthof
theconvection�eld.

1 Intr oduction

Toobtainatruly ef�cient solverfor thelinearsystemsof equationsarisingfromthediscretization
of convectiondiffusionequations

� 4 u+ a(x;y) � Ñu = f : (1)

onehasto overcomethreemajor dif�culties. The solver shouldbe ef�cient regardlessof the
strengthandgeometryof the convection�eld a(x;y). It shouldbe ableto treatcomputational
domainsof arbitrarygeometry. And it shouldbeeasyto parallelizeto takeoptimaladvantageof
high performancecomputers.Up to now theredoesn't seemto bea solver thatmeetsall these
requirementsequallywell, at leastnot in thegeneral3D case:

Solversbasedon geometricmultigrid methodsareusuallyquite easyto parallelizedueto
their structuredcoarsegrids. However, theneedfor robustnessposesquiteseveredemandson
theappliedsmoothers,which againcanimpair theparallelef�ciency of themethod.Moreover,
thetreatmentof complicatedgeometriesis notalwayseasy, especiallyon thecoarsegrids.
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Algebraicmultigrid (AMG) methodsareusuallyrobustevenfor stronglyconvectiondomi-
nated�o ws and�o ws on very complicatedgeometries.Thekey to their excellentconvergence
resultsliesmainly in thecoarsegrid generationwhich is automaticallyadaptedto thespecialre-
quirementsof thegeometryandtheoperator. On theotherhand,this automaticgrid generation
oftenmakesanef�cient parallelimplementationa tedioustask.Moreover, themostcommonly
usedstrategy [7] for thecoarsegrid selectionis an inherentlysequentialprocess,suchthat the
constructionof thedifferentcoarsegridsitself hasto bemodi�ed.

In this paperwe will look into anapproachwhich combinesideasfrom recursive substruc-
turing techniqueswith the discretisationon hierarchicalbasesand generatingsystems. The
resultingmultilevel methodis extendedby an additionalpartial elimination betweencertain
coarsegrid unknowns. Thesecoarsegrid unknowns arechosenwith respectto theunderlying
physicsof theconvectiondiffusionequation.Theoverall approachcanroughlyberegardedas
an algebraicmultigrid methodin which the coarsegrid selectionis �x ed andonly the coarse
grid operatorsareconstructedfrom theactualdiscretisation.

After giving a shortcomprehensionof therecursive substructuringmethodin section2, we
will, in section3, describetheextensionof this approachto usinganadditionaleliminationof
themostsigni�cant couplingsin thelocalsystemmatrices.Finally, in section4, wewill examine
thepotentialof ourapproachon sometypical benchmarkproblems.

2 Recur sive Substructuring

2.1 A Direct Solver Based on Recur sive Substructuring

In this sectionwe will describea directsolver basedon recursive substructuringwhich is very
similar to the well-known nesteddissectionmethodintroducedby George [4]. The later de-
scribediterative variant will differ from the direct solver only in the incompleteelimination
andthemodi�ed solutioncycle. Both variantsof therecursive substructuringalgorithmcanbe
dividedinto threepasses:theactualsubstructuring,thestaticcondensation,andthesolution.

Recur sive Substructuring
In a �rst (top-down) passthecomputationaldomainis recursively dividedinto two subdomains
(alternatebisection, see�gure 1) that areconnectedby a separator. On eachsubdomain,we
de�ne the setE of outerunknowns (which lie on the subdomainboundary)and the set I of
innerunknowns,thatlie on theseparatorbut do not belongto theseparatorof a parentdomain.
Figure1 illustratesthisclassi�cationby paintingtheinnerunknownsasgrey circlesandtheouter
unknowns asblackcircles. The remainingunknowns insidethesubdomaincanbe ignored,as
their in�uence on theunknowns in E andI will beeliminatedby thestaticcondensationpass,
whichwill bedescribedin thefollowing.

Static Condensation
Thestaticcondensationpasscomputesa local systemof equationsfor eachsubdomain.For the
smallestsubdomains— i.e. the leavesof the substructuringtree— the systemof equationsis
taken directly from thediscretization.On theotherdomainsthesystemis computedfrom the
local systemsof thetwo subdomains.First, thesystemmatrix andright handsideis assembled
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Figure 1: Recursive substructuringby alternatebisection

from thoseof thesubdomains:

A :=
�
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�
:= VT

(1)
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(2)

�
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�

EE
V(2) b:= VT

(1)b(1) + VT
(2)b(2) : (2)

Note thatonly thecouplingsbetweentheouterunknowns of thesubdomainsaretransferredto
theparentsystem.Therenumberingof theseunknownsto their parentdomainis performedby
theoperatorsV(i) . Thenumberingon eachsubdomainseparatestheouterandinnerunknowns
to build matrixblocks(AEE, AI I , . . . ) thatenablethefollowing blockelimination.

In thissecondsteptheinnerandouterunknownsaredecoupled,
�

Id � AEI A� 1
I I

0 Id

� �
AEE AEI
AI E AI I

� �
Id 0

� A� 1
I I AI E Id

�
=

�
eAEE 0
0 AI I

�
; (3)

by computingtheSchurcomplement

eAEE = AEE � AEI � A� 1
I I � AI E: (4)

Of course,the right-handsideshave to be treatedaccordingly. The matrix block eAEE andthe
accordingpartebE of theright handsidearethentransferredto theparentdomainwhichproceeds
with thesetuplike in equation2.

Solution
After thesetupof the local systemsof equationsis completed,theactualsolutioncanbecom-
putedon thedifferentsubdomains.Startingwith theseparatorof theentirecomputationaldo-
main, the valuesof the separatorunknowns arecomputedrecursively in a top-down process
from thelocal systemsof eachsubdomain.

2.2 Iterative Version of the Substructuring Method

Thedirectsolver describedin theprevioussectionwould, like theverysimilarnesteddissection
method[4], requireO(N3=2) operationsandO(NlogN) memory— N = n� n the numberof
unknowns— for bothsetupandsolutionof a 2D problem.At leastfor Poissontypeequations,
operationcount and memoryrequirementcan be reducedsigni�cantly by using an iterative
recursive substructuringmethodthatusesahierarchicalbasisfor preconditioning[6, 8].
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Figure2: Thedifferentpassesof theiterative substructuringalgorithm

Pass2: static condensation(setupphase)

(S1) A = VT
(1)A(1)V(1) + VT

(2)A(2)V(2) assemblesystemmatrix from subdomains
(S2) ÅA = HTAH hierarchicaltransformation
(S3) eA = L� 1 ÅAR� 1 partialelimination

Pass3: iteration cycle(bottom-up part)

(U1) r = VT
(1)r(1) + VT

(2)r(2) assemblelocal residualfrom subdomains
(U2) År = HTr hierarchicaltransformation
(U3) er = L� 1År right-handsideof elimination

Pass3: iteration cycle(top-down part)

(D1) euI = w diag( eAI I )� 1er relaxationstep(here:weightedJacobi)
(D2) Åu = R� 1eu revert elimination
(D3) u = H Åu hierarchicaltransformation
(D4) u(1) = VT

(1)u;u(2) = VT
(2)u distributesolutionto subdomains

Figure 3: Iterativesubstructuringalgorithm:steps(S3),(U3) and(D2) areonly neededif partial
eliminationis used

The staticcondensationpassis reducedto the assemblyof the local systemmatricesand
thehierarchicaltransformationwhich replacesthecomputationof theSchurcomplement.The
singletop-down solutionpassis thereforereplacedby aseriesof iterationcycles.Eachof these
cyclessolvestheresidualequationby transportingthecurrentresidualin abottom-uppassfrom
the smallestsubdomainsto their parentandancestordomains. On eachdomaina correction
is thencomputedfrom the transportedresidual. Figure 2 illustratesthe overall schemeof the
iterative substructuringalgorithm. The generalstructureof the resultingalgorithmis given in
�gure 3. It alreadyincludestheadditionalpartialeliminationin thelocal systemswhichwill be
describedin section3.

Obviously, the treestructureof thesubdomainsandthesimplebottom-up/top-down struc-
ture of the several computationalcyclesenablea very simpleparallelizationof the algorithm.
Theparallelizationof iterative substructuringalgorithmslike theonedescribedin �gure 3 was
analysedin depthby Hüttl [6] andEbner[3].
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3 Partial Elimination of Unkno wns

For Poissontype equationsthe algorithmdiscussedin section2.2 alreadyshows a reasonable
fastconvergencethatslowsdown only slightly with growing numberof unknowns. In [2] it was
demonstratedhow comparableresultscanbeachieved for convectiondiffusionequations.The
conceptusedin thatpapercanbeeasilyextendedto theuseof hierarchicalgeneratingsystems
insteadof hierarchicalbases,which turnsthealgorithminto a truemultigrid method[5].

The key ideais to choosecertaincouplings— hopefully thestrongest—, which shouldbe
eliminatedby thepartialeliminationincludedin thealgorithmin �gure 3. Thecompletedecou-
pling of innerandouterunknowns, like it is obtainedby thecomputationof theSchurcomple-
mentin theequations3 and4, is replacedby a transformation

L� 1AR� 1
| {z }

= : eA

ex = L� 1b| {z }
= : eb

: (5)

The eliminationmatricesL� 1 andR� 1 arechosensuchthat certainentriesin the transformed
systemmatrix eA areeliminated. Theseeliminatedcouplingsarenot chosenindividually, but
insteadwe pick an a priori setof coarse grid unknownsbetweenwhich the strongcouplings
typically occur. Then,simplyall couplingsbetweenthosecoarsegrid unknownsareeliminated.

If hierachicalbasesor generatingsystemsareapplied,it is naturalto choosethehierarchi-
cally coarseunknowns ascoarsegrid unknowns. In contrast,the couplingswith andbetween
hierarchically�ne unknowns areusuallysmall asthesemake only a small contribution to the
transportof the matteru. This is dueto the fact, that the diffusion quickly smoothesout the
hierarchically�ne peaksandcorrectionsin u suchthata transportof u acrosslargerdistancesis
prohibited.

Consequentlythedistinctionbetweencoarsegrid unknownsand�ne grid unknownsis also
a matterof thedistancebetweenthegrid pointsandshouldthereforedependon thesizeof the
actualsubdomain.Figure4 illustratesthisby anexampleof acertainheattransportproblem.It
shows a certainsubdomainwherea heatsourceon the left borderis transportedby a constant
convection �eld towardsthe domainseparator. Due to diffusion the former peakwill extend
over several meshsizestepsafter it hasbeentransportedto the separator. It is clear that the

H

h

Figure 4: Comparisonof differenteliminationstrategies:only thecouplingsbetweentheblack
nodesareeliminated
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Figure 5: Bisectionwith incompleteelimination,only the couplingsbetweenthe black nodes
areeliminated

resultingtemperaturepro�le is not resolvablewhenusingonly thecentralpointontheseparator
(left picture).On theotherhand,it would alsobeunnecessaryto useall the�ne grid pointson
theseparator. Wethereforehaveto look for agoodcompromisefor theresolutionh of thecoarse
grid unknowns(right picture)dependingon thesizeH of thesubdomain.

Fromtheunderlyingphysicsit is known that,for convectiondiffusionequations,thestream-
lines of the transportedheathave a parabolicpro�le. Therefore,we shouldchooseh2 µ H or
h µ

p
H respectively, which meansthatthenumberof numberof coarsegrid unknownsshould

grow with the squareroot of thenumberof total separatorunknowns. We canimplementthis
squareroot dependency by doublingthenumberof eliminatedseparatorunknowns afterevery
four bisectionsteps.Thisstrategy is illustratedin �gure 5.

In the algorithmof �gure 3 the partial eliminationis alreadyincluded. A technicaldetail
resultsfrom thefactthatL andR, in contrastto their inversesL � 1 andR� 1 aresparsematrices1.
They resultfrom thesuccessive applicationof line androw operationslike they areusedin the
standardgaussianelimination.Therefore,L andRcontainonenon-zeromatrixelementfor each
eliminatedcouplingin thesystemmatrixA. If wehaveasubdomainwith mseparatorunknowns,
weeliminateall couplingsbetweenO(

p
m) innerunknownsandO(

p
m) outerunknowns.This

consequentlyproducesO(m) entriesin L and R, suchthat the storagecomplexity doesnot
deteriorate.

However, asa resultof theseextra eliminations,the systemmatricesA suffer from severe
�ll-in andshouldmoreor lessberegardedasfull matrices.Therefore,onecanno longerafford
to storethesystemmatricesA asthis would resultin anO(NlogN) memoryrequirement.This
canbe avoidedby choosingthe (weighted)Jacobi-methodfor relaxation.Thenit is suf�cient
to storeonly themaindiagonalof A astheresidualscanbecomputedseparately(seestepsU1-
U3 of the algorithmin �gure 3). This putsboth the memoryrequirementandthe numberof
operationsneededfor the setupof thesystemmatricesbackto O(N) (notethatalsothe setup
of the matricesA can be restrictedmainly to the diagonalelements). Of coursethe Jacobi-
relaxationgiveslesssatisfyingconvergenceratesthanfor exampletheGauss-Seidel-relaxation,
but, aswe will show in thenext section,it is still possibleto achieve reasonableperformance.

1 Thereforeall transformationsincludingL� 1 or R� 1 areimplementedvia L� 1 or R� 1 respectively
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4 Numerical Results

We testedour algorithmon two commonbenchmarkproblems,which aregivenby equation1
on theunit squarewith theconvection�elds

problem (a): a(x;y) :=

8
><

>:

a0 �
�

(2y� 1)(1� Åx2)
2Åxy(y� 1)

�
for Åx > 0

a0 �
� 2y� 1

0

�
for Åx � 0;

(6)

whereÅx := 1:2x� 0:2, and

problem(b): a(x;y) := a0 �
�

4x(x� 1)(1� 2y)
� 4y(y� 1)(1� 2x)

�
: (7)

Problem(a) modelsan entering�o w that containsa 180 degreecurve. Problem(c) is an ex-
amplefor a circular �o w problem. Figure 6 shows the streamlinesof both convection �elds.
Eachproblemwasdiscretizedon the unit squareusingstandardsecondorder�nite difference
discretizationwith a � vepointstencil.

(a)bentpipeconvection (b) circularconvection

Figure6: Convection�elds of thetwo testproblems

As thecoarsegrid pointsandeliminatedcouplingsarechosenindependentlyof theconvec-
tion �eld it is obviousthatcomputingtimeandmemoryrequirementareindependentof thetype
of the testproblem. Figure 7 shows that both computingtime andmemoryrequirementrise
linearlywith thenumberof unknowns.Thiscanalsobededucedby theoreticalmeans.

Figure8 shows the convergenceratesfor the two benchmarkproblems. It alsoshows the
convergencerateswhenthealgorithmis appliedasapreconditionerfor theBi-CGSTAB method
[9]. We canseethat thespeedof convergenceis independentof thetypeof problem.It is also
independentof the numberof unknowns. It is even independentof the strengthof convection
aslong asa certainratio betweenconvection,diffusion andmeshsizeis not exceeded.More
preciselythemeshPecletnumbershouldnotexceedacertainvalueonthe�nest grid. Thisupper
boundfor thePecletnumbercoincideswith theapplicabilityof thecentraldifferencingscheme
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Figure 7: Computingtime andmemoryrequirementon anSGI-ORIGIN workstation

in thediscretization.For strongerconvectiontheheuristicsof oureliminationstrategy no longer
holdsandconvergencebeginsto breakdown.

5 Present and Future Work

Wearecurrentlyworkingonthetreatmentof arbitraryshapedcomputationaldomainsincluding
interiorboundariesandobstacles.For thispurposeweplanto useaquadtreeor octreerepresen-
tationof thegeometryandexploit thegeneratedtreestructurefor our substructuringapproach.
For Poissontypeequations�rst resultswill bepublishedin [1]

Futurework will includetheef�cient treatmentof stronglyconvectiondominated�o w. In
thecaseof strongconvectionour eliminationstrategy is no longerappropriateasit dependson
theexistenceof acertainamountof physicaldiffusion.For verystrongconvectionthedistanceh
betweenthecoarsegrid unknowns(see�gure 5) mightwell haveto bethemeshsizeof the�nest
grid. In that casea completeeliminationbetweenall coarsegrid unknowns would result in a
directnesteddissectionsolver whichwouldcertainlybetooexpensive. An ef�cient elimination
strategy shouldbe achievable either by eliminating all couplingsthat are ”aligned” with the
directionof the �o w or by choosingthe eliminatedcouplingsin an algebraicmannerwhich
leadsto methodsthatdiffer from algebraicmultigrid only in the�x edcoarsegrid selection.
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