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We presenta multigrid methodfor the solution of convection diffusion equa-
tions thatis basedon the combinationof recursve substructuringechniquesand
the discretizatioron hierarchicabasesandgeneratingsystems.Rolustnesf the
resultingmethod,at leastfor a variety of benchmarkproblems,is achieved by a
partialeliminationbetweercertain“coarsegrid unknavns".

Thechoiceof thesecoarsayrid unknavnsis motivatedby the physicalproperties
of the corvection diffusion equation,but is independenbf the actualdiscretized
operator The resultingalgorithmhasa memoryrequirementhat grows linearly
with the numberof unknavns. This alsoholdsfor the computationakostof the
setupandthe individual relaxationcycles. We presennumericalexamplesthatin-
dicatethatthe numberof iterationsneededo solwe a corvectiondiffusionequation
is widely independenbf the numberof unknavns andof the type and strengthof
theconvection eld.

1 Introduction

Toobtainatruly ef cient solverfor thelinearsystem®f equationarisingfrom thediscretization
of corvectiondiffusionequations

4 u+ a(xy) Nu= f: (1)

onehasto overcomethreemajor dif culties. The solver shouldbe ef cient regardlessof the

strengthand geometryof the convection eld a(x;y). It shouldbe ableto treatcomputational
domainsof arbitrarygeometry And it shouldbeeasyto parallelizeto take optimaladwantageof

high performancecomputers.Up to now theredoesnt seemto be a solver that meetsall these
requirementgquallywell, atleastnotin thegeneraBD case:

Solershbasedon geometricmultigrid methodsare usually quite easyto parallelizedueto
their structuredcoarsegrids. However, the needfor robustnesgposesquite sezeredemandn
theappliedsmootherswhich againcanimpair the parallelef ciency of the method.Moreover,
thetreatmenbf complicatedyeometriess not alwayseasy especiallyon the coarsayrids.



Algebraicmultigrid (AMG) methodsareusuallyrobustevenfor stronglycorvectiondomi-
nated o ws and o ws on very complicatedgyeometries.The key to their excellentcorvergence
resultslies mainly in thecoarsegrid generatiorwhich is automaticallyadaptedo thespecialre-
guirementof the geometryandthe operator On the otherhand,this automatiogrid generation
oftenmalesanef cient parallelimplementatiora tedioustask. Moreaover, the mostcommonly
usedstratgy [7] for the coarsegrid selectionis aninherentlysequentiaprocesssuchthatthe
constructiorof the differentcoarsegridsitself hasto be modi ed.

In this paperwe will look into anapproachwhich combinesdeasfrom recursve substruc-
turing techniqueswith the discretisationon hierarchicalbasesand generatingsystems. The
resulting multilevel methodis extendedby an additional partial elimination betweencertain
coarsegrid unknowns Thesecoarsegrid unknavns are chosenwith respecto the underlying
physicsof the corvectiondiffusion equation.The overall approactcanroughly be regardedas
an algebraicmultigrid methodin which the coarsegrid selectionis x ed andonly the coarse
grid operatorsareconstructedrom the actualdiscretisation.

After giving a shortcomprehensioof the recursie substructuringnethodin section2, we
will, in section3, describethe extensionof this approacho usingan additionaleliminationof
themostsigni cant couplingsin thelocal systenmatrices Finally, in sectiond, wewill examine
the potentialof our approacton sometypical benchmarlproblems.

2 Recursive Substructuring

2.1 A Direct Solver Based on Recursive Substructuring

In this sectionwe will describea directsolver basedon recursive substructuringvhich is very
similar to the well-knowvn nesteddissectionmethodintroducedby Geoge [4]. The later de-
scribediterative variantwill differ from the direct solver only in the incompleteelimination
andthe modi ed solutioncycle. Both variantsof the recursve substructuringilgorithmcanbe
dividedinto threepassestheactualsubstructuringthe staticcondensatiomandthe solution.

Recursive Substructuring

In a rst (top-davn) passthe computationatomainis recursvely dividedinto two subdomains
(alternatebisection see gure |1) thatareconnectediy a sepaator. On eachsubdomainwe
de ne the setE of outerunknavns (which lie on the subdomainboundary)andthe setl of
innerunknavns, thatlie on the separatobut do not belongto the separatopf a parentdomain.
Figurelillustrateshisclassi cationby paintingtheinnerunknavnsasgrey circlesandtheouter
unknavns asblackcircles. The remainingunknavns insidethe subdomaircanbe ignored,as
theirin uence ontheunknavnsin E and!l will be eliminatedby the staticcondensatiompass,
whichwill bedescribedn thefollowing.

Static Condensation

The staticcondensatiopasscomputesa local systemof equationgor eachsubdomainFor the
smallestsubdomains—i.e. the leaves of the substructuringree— the systemof equationds
taken directly from the discretization.On the otherdomainsthe systemis computedirom the
local system=f thetwo subdomainsFirst, the systemmatrix andright handsideis assembled
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Figure 1: Recursie substructuringy alternatebisection

from thoseof thesubdomains:
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Note thatonly the couplingsbetweerthe outerunknavns of the subdomainsretransferredo
the parentsystem.Therenumberingf theseunknavns to their parentdomainis performedby
the operators/, i) The numberingon eachsubdomairseparatethe outerandinner unknavns
to build matrix%locks(AEE, A, ...) thatenablethefollowing block elimination.

In this secondsteptheinnerandouterunknavnsaredecoupled,
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by computingthe Schurcomplement
Ree=Ace Am Al AE (4)

Of course theright-handsideshave to be treatedaccordingly The matrix block A andthe

accordingpart8 of theright handsidearethentransferredo theparentdomainwhich proceeds
with the setuplike in equation2.

Solution

After the setupof the local systemof equationds completedthe actualsolutioncanbe com-
putedon the differentsubdomains Startingwith the separatoof the entirecomputationatio-
main, the valuesof the separatounknavns are computedrecursvely in a top-davn process
from thelocal systemof eachsubdomain.

2.2 lterative Version of the Substructuring Method

Thedirectsolver describedn the previoussectionwould, like thevery similar nestedlissection
method[4], requireO(N3%) operationsand O(NIlogN) memory—N = n n the numberof
unknavns— for both setupandsolutionof a 2D problem. At leastfor Poissontype equations,
operationcount and memory requirementcan be reducedsigni cantly by using an iterative
recursve substructuringnethodthatusesa hierarchicabasisfor preconditionind 6, 8].
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Figure 2: Thedifferentpasse®f theiterative substructuringlgorithm
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Figure 3: Iterative substructuringlgorithm: stepqS3),(U3) and(D2) areonly neededf partial
eliminationis used

The staticcondensatiomassis reducedto the assemblyof the local systemmatricesand
the hierarchicatransformatiorwhich replaceghe computationof the Schurcomplement.The
singletop-davn solutionpasss thereforereplaceduy a seriesof iterationcycles. Eachof these
cyclessolvestheresidualequationby transportinghecurrentresidualin a bottom-uppassrom
the smallestsubdomaingo their parentand ancestordomains. On eachdomaina correction
is thencomputedirom the transportedesidual. Figure 2 illustratesthe overall schemeof the
iterative substructuringalgorithm. The generalstructureof the resultingalgorithmis givenin

gure (3. It alreadyincludesthe additionalpartialeliminationin thelocal systemswvhich will be
describedn section3

Obviously, the treestructureof the subdomainsandthe simplebottom-up/top-den struc-
ture of the several computationakyclesenablea very simple parallelizationof the algorithm.
The parallelizationof iterative substructuringlgorithmslike the onedescribedn gure 3 was
analysedn depthby Hiittl [6] andEbner[3].



3 Partial Elimination of Unknowns

For Poissontype equationghe algorithmdiscussedn section2.2 alreadyshavs a reasonable
fastcorvergencethatslows dovn only slightly with growing numberof unknavns. In [2] it was
demonstratettiow comparableesultscanbe achieved for convectiondiffusion equations.The
conceptusedin that papercanbe easilyextendedto the useof hierarchicalgeneratingsystems
insteadof hierarchicabaseswhich turnsthealgorithminto atrue multigrid method[ 5].

The key ideais to choosecertaincouplings— hopefully the strongest—, which shouldbe
eliminatedby the partialeliminationincludedin the algorithmin gure [3. Thecompletedecou-
pling of innerandouterunknavns, like it is obtainedby the computatiorof the Schurcomple-
mentin the equations3 and4, is replaceddy atransformation

R e Ly ©
=:R =:8

The eliminationmatricesL ' andR ! arechosensuchthat certainentriesin the transformed
systemmatrix & are eliminated. Theseeliminatedcouplingsare not chosenindividually, but
insteadwe pick an a priori setof coarse grid unknownsbetweenwhich the strongcouplings
typically occur Then,simply all couplingsbetweerthosecoarsagrid unknavnsareeliminated.

If hierachicalbasesor generatingsystemsareapplied,it is naturalto choosethe hierarchi-
cally coarseunknavns as coarsegrid unknavns. In contrastthe couplingswith andbetween
hierarchically ne unknavns are usually small asthesemalke only a small contritution to the
transportof the matteru. Thisis dueto the fact, that the diffusion quickly smoothesut the
hierarchically ne peaksandcorrectionsn u suchthatatransporof u acrosdargerdistancess
prohibited.

Consequentlyhe distinctionbetweercoarsegrid unknavnsand ne grid unknavnsis also
a matterof the distancebetweenrthe grid pointsandshouldthereforedependon the sizeof the
actualsubdomainFigure4illustratesthis by anexampleof a certainheattransporiproblem. It
shaws a certainsubdomainvherea heatsourceon the left borderis transportedy a constant
corvection eld towardsthe domainseparator Due to diffusion the former peakwill extend
over several meshsize stepsafter it hasbeentransportedo the separator It is clearthatthe

Figure 4: Comparisorof differenteliminationstratgies: only the couplingsbetweerthe black
nodesareeliminated



Figure 5: Bisectionwith incompleteelimination, only the couplingsbetweenthe black nodes
areeliminated

resultingtemperaturg@ro le is notresohablewhenusingonly the centralpointontheseparator
(left picture). On the otherhand,it would alsobe unnecessarto useall the ne grid pointson
theseparatoWethereforehave to look for agoodcompromisdor theresolutionh of thecoarse
grid unknavns (right picture)dependingn the sizeH of thesubdomain.

Fromtheunderlyingphysicsit is known that,for corvectiondiffusionequationsthestream-
Iine?,of the transportecheathave a parabolicpro le. Therefore we shouldchooseh? p H or
hu  H respectiely, which meanghatthe numberof numberof coarsegrid unknavns should
growv with the squareroot of the numberof total separatounknavns. We canimplementthis
squareroot dependenc by doublingthe numberof eliminatedseparatounknavns after every
four bisectionsteps.This strat@y is illustratedin gure /5.

In the algorithmof gure (3 the partial eliminationis alreadyincluded. A technicaldetail
resultsfrom thefactthatL andR, in contrasto theirinversed ! andR 1 aresparsematrice@.
They resultfrom the successie applicationof line androw operationdike they areusedin the
standardjaussiarelimination. Therefore L andR containonenon-zeramatrix elementor each
eliminatedcouplingin thesystenmatr'B<A. If wehave asubdomair\%ith mseparatounknavns,
we eliminateall couplingsbetweerO(" m) innerunknavnsandO(" m) outerunknavns. This
consequenthyproducesO(m) entriesin L and R, suchthat the storagecompleity doesnot
deteriorate.

However, asa resultof theseextra eliminations,the systemmatricesA suffer from severe

ll-in andshouldmoreor lessberegardedasfull matrices.Therefore pnecanno longerafford
to storethe systemmatricesA asthis would resultin an O(NlogN) memoryrequirement.This
canbe avoidedby choosingthe (weighted)Jacobi-methodor relaxation. Thenit is sufcient
to storeonly the maindiagonalof A astheresidualscanbe computedseparatelyseestepsUl-
U3 of the algorithmin gure [3). This putsboth the memoryrequirementandthe numberof
operationmeededor the setupof the systemmatricesbackto O(N) (notethatalsothe setup
of the matricesA can be restrictedmainly to the diagonalelements). Of coursethe Jacobi-
relaxationgiveslesssatisfyingconvergenceratesthanfor examplethe Gauss-Seidel-relaxatipn
but, aswe will shaw in thenext section,it is still possibleto achie/e reasonabl@erformance.

1 Thereforeall transformationsncludingL 1 orR 1 areimplementediialL 1 orR ! respectiely



4 Numerical Results

We testedour algorithmon two commonbenchmarkproblems which aregiven by equationl
ontheunit squarewith the convection elds
8
2y D1 A
2 a, 28y 1) for A>0

problem(a): a(xy) := (6)
7 ay 2y0 1 for A O0;
whereA = 1:2x  0:2, and
problem(b): a(xy)=a, X DL 2 )

yy D)1 2

Problem(a) modelsan entering o w that containsa 180 degreecurve. Problem(c) is an ex-
amplefor a circular o w problem. Figurel6 shavs the streamlinesf both corvection elds.
Eachproblemwasdiscretizedon the unit squareusingstandardsecondorder nite difference

discretizatiorwith a ve pointstencil.

U

~——

(a) bentpipe corvection (b) circularcorvection

Figure 6: Corvection elds of thetwo testproblems

As the coarsayrid pointsandeliminatedcouplingsarechoserindependenthpf the corvec-
tion eld it is obviousthatcomputingtime andmemoryrequiremenareindependenof thetype
of the testproblem. Figure[7] shaws that both computingtime and memoryrequirementise
linearly with thenumberof unknavns. This canalsobe deducedy theoreticaimeans.

Figure8 shawvs the corvemgenceratesfor the two benchmarkproblems. It alsoshawvs the
cornvergencerateswhenthealgorithmis appliedasa preconditionefor the Bi-CGSTAB method
[9]. We canseethatthe speedbf convergenceis independentf the type of problem. It is also
independenbf the numberof unknavns. It is evenindependenof the strengthof corvection
aslong asa certainratio betweencorvection, diffusion and meshsizeis not exceeded.More
preciselythemeshPecletnumbershouldnotexceeda certainvalueonthe nest grid. Thisupper
boundfor the Peclethumbercoincideswith the applicability of the centraldifferencingscheme
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in thediscretizationFor strongercorvectionthe heuristicsof our eliminationstratgy nolonger
holdsandcorvergencebaginsto breakdown.

5 Present and Future Work

We arecurrentlyworking on thetreatmenof arbitraryshapecomputationalomainsncluding
interior boundarie@ndobstaclesFor this purposewne planto usea quadtreer octreerepresen-
tation of the geometryandexploit the generatedreestructurefor our substructuringapproach.
For Poissortype equationsrst resultswill be publishedn [1]

Futurework will includethe ef cient treatmentof stronglyconvectiondominatedo w. In
the caseof strongconvectionour eliminationstratey is no longerappropriateasit dependsn
theexistenceof a certainamountof physicaldiffusion. For very strongcorvectionthedistanceh
betweerthecoarseagrid unknavns(see gure [5) mightwell have to bethemeshsizeof the nest
grid. In thatcasea completeeliminationbetweenall coarsegrid unknavns would resultin a
directnestedlissectiorsolver which would certainlybetoo expensve. An ef cient elimination
stratgy shouldbe achievable either by eliminating all couplingsthat are "aligned” with the
directionof the ow or by choosingthe eliminatedcouplingsin an algebraicmannerwhich
leadsto methodghatdiffer from algebraiamultigrid only in the x edcoarseagrid selection.
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