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Abstract: After a cogent of iterative methods via contraction mapping principle, the au-
thor brilliantly cut to the heart of the question with application to a population dynamics
problem. This soon transform the original complex edifice to a mouldering integral form

through the theory of semigroup of linear operators.
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1. Introduction

This short note starts with a brief survey of the method of successive approximations us-
ing fixed point theorem. This technique is used to ascertain the existence and uniqueness
of a particular integro-differential equation. The note ends with an application. The main
difficulty and restriction is the Lipschitz continuity of the functions, and in a forthcom-
ing article, we will find out if the results still hold without the assumption of Lipschitz

continuity.

Theorem 1. Let X be a Banach space and f a contraction on X. Then, there ex-

ists a unique point g € X 3 f(x0) = xo.

Proof: The proof is straightforward and assumes the Lipschitz continuity of f with

0 < A <1 as the Lipschitz constant. If f(z¢) = xo and f(yo) = yo, zo, Yo € X, then

20 = yoll < [1/(z0) = flyo)ll < Allzo — yoll

Since A < 1, this is only possible if xg = yo. Hence, there is at most one fixed point. Now,



define {z,} ", by 21 = f(x0), Tpp1 = f(zn), n > 1
|z — 21| = @, then

| Tnt1 — 2,]] < XN'a; also for g > p >1

P
|2y — x| < aT Since A’ — 0 as p — oo, this shows that {z,} is Cauchy and X
being complete, x,, — .

Finally, given € > 0, choose n such that ||zg — z,| < % and ||z,—1 — z,|| < 5, s0

lzo — f(zo)| < llwo — @all + [[2n — f(x0)]
< 4
=5 :L‘n—le

< €

Corollary: Let (M, p) be a metric space. If T is a contraction on M, then there is one

and only one point x in M such that T, = .

Proof. Let z,y € M, p(T,,T,) < ap(z,y).

Then p(T}, T}) < a”p(z,y) and for m,n € N, m <n and m = n + p, we have

o (20, 71)
(T, 20) = p(an, Tugp) < ﬁ
This result shows that not only a fixed point exists, but repeated iteration of T" will lead

from any point of M to an approximation of the fixed point [3].

Below is the appliclation to a nonlinear integro-differential equation.

2. An Example. Consider the differentio-integral equation

¢
4d—$ +sinx + 1+ :1:2(5)] sin(s)ds =0 (1)
dt t/2

and prove that there is a unique continuous map z(¢) on [0, 1] with 2(0) = 0 and |z(¢)| < 1

which is in fact a solution of (1).

Solution: Equation (1) can be written as

dx
% = f(t,l’),



and it suffices to show that f(z,?) as defined is jointly Lipschitz continuous in its variables.

Let

h@w)zz;u+m%@hm@m&

then 1 + $2(t) is continuous in ¢, sint being continuous. Hence

h@@):LLH+w%th@MS

is a continuous function of t. Also, since sin z is continuous in z, it follows that f(¢,z) =
1
—Z[sin(:z;) + h(t, )] is continuous in both ¢ and z in some neighbourhood of (0, 0).
A natural choice for the norm is the supremum norm.

Now

(t2(0) = SO < Flsina(®) =siny(] + 7 [ 15(s) = 2*(s)lds
< i| siny(t) —sinx(t)| + %/t; ly(s) — z(s)|ds, s € [%,t]

L. : 1 t
< Lsing(t) = sinz(t)] + £ suply(s) — a(s) [t~ £ s € 0,1
By mean-value theorem, if g(z) = sin z, then

l9(x) —g(y)| = 1g'(§)] |+ — y| for some £ € (z,y)

SO

1 1
(L) = J(Ly)l < g eosle —yl+ 5 sup fy(s) — z(s)]

9
3
< Zsuplx(s)—y(S)l, |cosé] < 1
3
< Zﬂ(l',y)

Hence equation (1) has a unique solution ().

The above technique is known as Picard’s iterative method.

Theorem 2. Let f be continuous and bounded in a region R of the zy-plane con-
taining the point (o, yo), with |f(z,y)| < 8 and a,b be any two numbers such that the

region Ry bounded by the vertical lines = a, x = b and the lines through (zo,yo) with
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slopes +3 lies in R. Then the initial value problem y' = f(z,y), y(z0) = yo has a unique

solution in the interval [a, b], with its graph lying in R;.

Proof. Let m be a positive integer such that FI™ the m!" iterate of F is a contrac-

tion on the metric space M. Also, let y;,y, € M, then

[E(y0)](z) = [F(y2)l(2)| < Blz = wold(yr — ya2).

Using this result and the definition of FE(y) = F(F(y)), we get

FEI) = PPl @) = | [ @I = £ P )0}

< B[ 1t soldt| dlyn, o)

2|517_7L'0|2

2

S 5 d(yhy?)

Continuing in this fashion, we obtain the general formula

|z — @o|™

[P ] ) =[] )] < 572, v
(b—a)"

> . . b—a)™
but E [ ——>— is a convergent series and hence, ﬁmg
m=1

is less than 1 for suf-
m! m!

ficiently large values of m. However, the disadvantage is the requirement that f be a

contraction. This is a severe restriction as shown below.

3. Application. Consider the following population dynamics problem.
Find u(t,a,g) € L'([0, A] x Q), t,a € IRT, g € Q such that

ur + ug + Gla)u, = R(a, g)u

u(07 a, g) = UO(av g)
(3.1)

u(t,0,g9) = B(t,g)
is CYIR* x Q: IRT)
u(t,a,g) denotes the population density at time ¢, aged a with the additional structure g

which could be size, weight or any other attribute that characterises the population under

consideration.



In an attempt to solve problem 3.1, it can happen that two characteristics curves
intersect and the solution is constrained to take distinct values at the same point. In
order to at least ascertain the existence of a unique weak solution, we transform equation

3.1 into an abstract Cauchy problem

du(t) y y
MO ufty+ i) -
u(0) = ug

where

_aqb(aag)

Ad(a,g) := 9

,mewwz%a@%+ﬂwmmwm

are linear operators.
If A is the infinitesimal generator of a Co-semigroup 7'(¢),¢ > 0 such that ||7'(¢)u||z: <
||u||z1, then T'(t) is dissipative [2]. By a variation of constant formula, equation (3.2)
becomes .

u(t) = T(t)uo—l—/ T(t — s)F(u(s))ds, t € R

0

u(0) = ug

p du 1 1,1
fue DIA)={uel’, —e L, u(0,9) = B(g)} = W~ ([0, 4] x Q),

" da
then

Theorem 3.1 If 7'(¢) is dissipative and F': L' — L' is Lipschitzian, then equation (3.2)
has a unique mild solution.

Before proving this theorem, the following lemma will be used in the sequel.

Lemma 3.2. If the first order derivative u, is continuous in a closed domain and therefore

bounded, then F'is Lipschitzian.

Proof: Let u,v € L' then

|F(u(s)) = F(o(s)Il = 1| = Gla)(uy — v,) — Rla, g)(u — v)]|1
< max(|G(a)l, | B(a, )]} [u = v]lw

= CHU—U”M/'l,l
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by Sobolev imbedding theorem [2].
Proof of the theorem.
Let M and w be such that |7'(¢)|] < Me**, define an operator g by
¢
(Su)(t) := T(t)uo—l—/ T(t — s)F(u(s))ds,
0

S is a contraction in Y := C'([0,7]; W' if u € Q := {v € Y : v(0) = ug} v([0,T]) lies in

a neighbourhood of ug. Then

|Su— Svlly = sup

‘/Ot T(t—s){F(u(s))— F(v(s))}ds

< CMe"'r||lu—v|ly = 0ast — 0

It is an easy matter to show that S(Q) C Q.

Next, applying the above inequality sufficient, we have

(et Me*t)n

I87u(t) - s"o(n)] < T2

sup [lu = vlly

For n large enough, S is a contraction and has a unique fixed point in Y. Thus equation
(3.1) possesses a unique weak solution on [0, 7], and since 7 is arbitrary, the result follows
on the whole of IRT.

It is an easy matter to show that |[u(t)|| < M ||ug| e+t where ¢ is a constant depend-

ing on the parameters of the equation, M and w are constants.

Conclusion One major advantage of the fixed point theorem is that, besides showing
the uniqueness of solution, it gives a practical method for finding the solution that is,
calculation of successive approximations. We wish to emphasize the economy effort which

can be achieved by establishing results that can be applied in many situations.
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