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Abstract

Geometric Multigrid methods have gained
widespreadacceptancefor solving large systems
of linear equations,especiallyfor structuredgrids.
One of the challengesin successfullyextending
thesemethodsto unstructuredgrids is the problem
of generatinganappropriatesetof coarsegrids.The
focusof this paperis thedevelopmentof robustal-
gorithms,both serialandparallel, for generatinga
sequenceof coarsegrids from theoriginal unstruc-
tured grid. Our algorithms treat the problem of
coarsegrid constructionasanoptimizationproblem
thattriesto optimizetheoverallqualityof theresult-
ing fusedelements.Wesolvethisproblemusingthe
multilevel paradigmthathasbeenverysuccessfulin
solvingtherelatedgrid/graphpartitioningproblem.
The parallel formulationof our algorithmincursa
very smallcommunicationoverhead,achieveshigh
degreeof concurrency, andmaintainsthehighqual-
ity of the coarsegrids obtainedby the serialalgo-
rithm.
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1 Introduction

Geometricmultigrid methodshave gainedwidespread
acceptancefor solvinglargesystemsof linearequations,
especiallyfor structuredgrids. One of the challenges
in successfullyextendingthesemethodsto unstructured
meshesis thatthereexistsnowidely acceptedmethodfor
generatinganappropriatesetof coarsegrids.

Existing coarsegrid constructionalgorithmsoperate
on the dual graphof the unstructuredmeshandobtain
thecontrolvolumesof thecoarsegrid by usinga variety
of agglomeratingtechniques[9, 2, 10, 11, 12]. Thebasic
ideabehindtheseapproachesis to start from a particu-
lar vertex of thedualgraphandfusetogethersomeof its
adjacentverticesinto a new coarsegrid controlvolume.
Theselectionof theverticesto befusedtogethercanbe
basedeitheron theconnectivity of thedualgraph[2], or
it canbedonesothatthequalityof thecoarsecontrolvol-
ume,asmeasuredby its aspectratio, is locally optimized
[13]. Unfortunately, suchlocally greedyagglomerating
techniquesquiteoften leadto coarsegridsof poorqual-
ity. Thus,despitethenumberof differentagglomerative
approachesalreadydeveloped,thereis still a greatneed
for improvement.

The focus of this paper is to develop robust algo-
rithms,bothserialandparallel,for generatingasequence
of coarsegrids from the original unstructuredgrid. To
this end, we formulatethe problemas an optimization
problemwhosegoal is to generatea coarsegrid thatop-
timizesaparticularobjectivefunctionwhichcapturesthe
overall quality of the grid subjectto lower and upper
boundconstraintson thesizeof grid’scontrolvolumes.
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We investigatetwo general classesof coarse-grid
quality measuresthat are basedon the aspectratios of
theresultingcontrolvolumes.Thefirst classtriesto op-
timize anadditive functionof theindividual controlvol-
umes’aspectratios,whereasthesecondclassfocuseson
boundingtheaspectratio of theworstelements.We de-
velophighly accurateandcomputationallyefficientalgo-
rithms for solving theseoptimizationproblemsthat are
basedon themultilevel paradigm,thathasbeenrecently
found to be quite effective in solving the relatedprob-
lem of graphandmeshpartitioning[1, 3, 5, 4]. We also
presentaparallelformulationof ourserialalgorithmthat
combinesour serialmultilevel coarsegrid construction
algorithmwith existing scalableparallelformulationsof
adaptivegraphpartitioning[15] to effectively parallelize
thegenerationof coarsegrids.

We experimentallyevaluatethe performanceof our
algorithmsin the simulationof unsteadyflow on three
differentunstructuredgrids. Our experimentsshow that
thecoarsegridsobtainedby our serialalgorithmsallow
themultigrid solver to convergein 5% to 20%fewer it-
erationswhencomparedto existing agglomeratingtech-
niques.Moreover, our parallelevaluationshows that the
improvedconvergenceratescarryoverto theparallelfor-
mulation as well and that our parallel formulation can
efficiently scaleup to 512processorsevenfor moderate
sizegridscontainingaroundonemillion elements.

The rest of the paperis organizedas follows. Sec-
tion 2 motivatesanddescribesthevariousobjectivefunc-
tionsthatwereusedto measurethequality of thecoarse
grids. Section3 describesthe detailsof our serialmul-
tilevel algorithmfor building coarsegrids,andSection4
describesitsparallelformulation.Theexperimentaleval-
uationof boththeserialandparallelalgorithmsis shown
in Section5. Finally Section6 providessomeconcluding
remarks.

2 Objective Functions

The aim of our coarsegrid constructionalgorithmsis
to generatea sequenceof coarsegrids such that each
grid optimizesacertainfunctionthatcapturestheoverall
quality of the fusedelements,i.e., the control volumes
of thecoarsergrids. In orderto ensurefastconvergence
ratesof multigrid algorithmsthesequenceof coarsegrids
mustcontainwell shapedcontrolvolumes.A widely ac-
ceptedmeasurefor thequality of a controlvolume(i.e.,
how well-shapedit is) is its aspectratio A. For two–

dimensionalgridstheaspectratio is definedas

A � l 2

S �
wherel is thecircumferentiallengthandS is theareaof
thecontrolvolume,respectively. Analogously, for three-
dimensionalgridstheaspectratio is definedas

A � S3� 2
V �

where,S is the surfaceareaandV is the volumeof the
control volume,respectively. A control volumeis well-
shapedif it is ascompactaspossible,i.e., its aspectra-
tio is minimized.Hence,for two- andthree-dimensional
gridswe wantto getcontrolvolumesthatareascloseto
beingcircularandspherical,respectively.

Using the aspectratio of a control volumeasa mea-
sureof its quality we canderive a numberof different
measuresto capturethe overall quality of a coarsegrid.
In particular, if NCoar se is the numberof control vol-
umesin the coarsegrid, a simpleway of measuringits
quality is to addtheaspectratiosof all of its controlvol-
umes.Thatis,

F1 �
NCoar se

i � 1

Ai � (1)

where Ai is the aspectratio of the i th control volume.
Sinceourgoalis to obtaingridsthatcontainwell-shaped
controlvolumes,a coarsegrid thatminimizesF1 is pre-
ferred.Oneof thelimitationsof the F1 measureis thatit
doesnot take into accountthe sizeof the differentcon-
trol volumeswhich canpotentiallybe somewhat differ-
ent. This measurecanbeeasilymodifiedto give higher
weightto largercontrolvolumes;thus,penalizing(or re-
warding) it when the aspectratio of large control vol-
umesarepoor(or good).In thiscasethenew grid quality
measureis

F2 �
NCoar se

i � 1

�
i Ai � (2)

where � i is thenumberof elementsthatwerefusedto-
getherto obtain the i th control volume. Again, coarse
grids that minimize the F2 measureare also preferred.
Potentially, though,eitherthe F1 or the F2 measurescan
fail to accountfor coarsegrids whoseoverall quality is
good,but nonetheless,they still containa limited num-
berof controlvolumesthatareof poorquality. To correct
thisproblem,wecanmeasurethequalityof acoarsegrid
by looking at theaspectratioof its worst(i.e., higheras-
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pectratio)controlvolume.In thiscase,thequalityof the
coarsegrid is givenby

F3 � max
i � 1	 	 	 NCoar se

Ai 
 (3)

Coarsegrids that minimize the F3 measurewill be pre-
ferred.

These three different functions for measuringthe
quality of a coarsegrid canbeusedasthe objectivesto
beoptimizedwhile generatingthenext level coarsegrid.
In particular, thecoarsegrid constructionproblemcanbe
formulatedasthefollowing optimizationproblem.

Given an initial grid, generatea coarsegrid
suchthateachof its control volumescontains
at leastLmi n andat most Lmax elementsof
the initial grid, andthe coarsegrid minimizes
oneof thedifferentgrid quality measures,that
is eitherF1, F2, or F3.

Note that the various grid-quality measurescan be
combinedto performmulti-objective optimizations. In
particular, F3 canbe easilycombinedwith either F1 or
F2. In this case,the goal of the optimizationalgorithm
is to generatea coarsegrid that first minimizesthe F3

measure,andamongthesolutionsthathave thesameF3

value, it focuseson constructinga grid that minimizes
eitherF1 or F2.

In the rest of this paperwe will refer to the vari-
ousgrid-qualitymeasuresasthecorrespondingobjective
functions.

3 Serial Multilevel Coarse Grid
Construction

Our algorithmfor generatingcoarsegridssolvestheop-
timization problem describedin Section 2, using the
multilevel paradigm. The basic idea of the multilevel
paradigmis the following. If M is the original prob-
lem, a sequenceof successive approximationsof M is
obtained

�
M1 � M2 � 
�
�
 � Mn � such that eachsuccessive

approximationMi 
 1 is a smallerproblemthan its pre-
vious approximationMi . Oncethat sequencehasbeen
obtained,a solutionof theoptimizationproblemis com-
putedat the coarsestapproximationMn. This solution
is usedto derive a solution for the next-level finer ap-
proximationMn� 1, which is furtheroptimizedlocally on
Mn� 1. Now, the solutionto Mn� 1 is againusedto de-
riveasolutionfor Mn� 2 which is alsofurtheroptimized.
Thisprocesscontinues,until asolutionpropagatesall the

wayupto theoriginalproblemM, whichbecomesthefi-
nal solution. The threedistinct phasesof the multilevel
paradigmarecalledcoarsening, initial solution, andun-
coarseningphases,respectively.

The multilevel paradigmhasbeenusedsuccessfully
in many applicationssuch as traveling salesmanand
graphpartitioning[1, 3, 16, 5,4]. In fact,thewidely used
graphpartitioningalgorithmsavailablein Chaco,METIS,
andJOSTLEarebasedon this paradigm.Also notethat
theoverall ideaof themultilevel optimizationparadigm
is verysimilar in natureto themultigrid algorithmitself.

The methodusedto obtain approximaterepresenta-
tions of the original problemplaysan importantrole in
thesuccessof themultilevel paradigm.In particular, the
approximaterepresentationsmustbesuchthat thequal-
ity of a solutionobtainedin themis similar (if not iden-
tical) to thequality of thesamesolutionwhenviewedin
theoriginal problem.This ensuresthat theoptimization
beingperformedat thecoarsestlevelsof theapproxima-
tions,doesoptimizethesolutionof theoriginalproblem.
This is true in the context of graphpartitioning,andas
we will show in the restof this section,is true for our
problemaswell.

In the rest of this sectionwe discusshow the vari-
ousgridsarerepresented,anddescribeouralgorithmsfor
thecoarsening,initial solution,anduncoarseningphases.
Note that our discussionwill only focus on generating
the next level coarsegrid and the overall sequenceof
grids canbe obtainedby applying the samealgorithms
repeatedly.

3.1 Grid and Solution Modeling

Ouralgorithmsmodelthegrid usingitsdualgraph.In the
dualgraphG ��� V � E � , eachvertex correspondstoanel-
ementof the grid (i.e., triangle,tetrahedron,brick), and
two verticesareconnectedvia anedge,if thecorrespond-
ing grid elementssharea segmentor facedependingon
whetheror not thegrid is two- or three-dimensional.An
exampleof a two-dimensionaltriangularmeshand its
correspondingdualgraphis shown in Figure1.

For every vertex � in thegraphwe have threevalues
associatedwith it, thatwe call themvertex-weight ������� ,
vertex-boundary-surface��� s � , and vertex-volume ������� .
The vertex-weight capturesthe numberof original grid
elementsthatthisparticularelementrepresents.Initially,
all vertex-weightsaresetto one,but astheoriginal grid
is coarsened,theirweightsareupdatedto accountfor the
numberof elementsthat theparticularcontrolvolumeis
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madeoff. The vertex-boundary-surfaceis usedto cap-
turethelengthor areaof theelement’ssegmentsor faces
thatarenotsharedby otherelements,i.e., they areonthe
boundaryof thegrid. Note that for all interior elements
� s will be zero. The vertex-volumeis usedto capture
the area(for two-dimensionalgrids) or the volume(for
three-dimensionalgrids) of that particularelement. Fi-
nally, for every edge ��� � u� , our dualgraphhasa weight
associatedwith it thatcorrespondsto eitherthelengthof
thesharedline segmentor theareaof thesharedface,in
two- or three-dimensionalgrids, respectively. The vari-
ousvertex andedgeweightsareillustratedin Figure1.

Theweighteddualgraphcontainsall theinformation
thatis necessaryto computetheaspectratiosof eachgrid
elementaswell asany control volumederivedby com-
bining any of theseelements.In particular, in the case
of two-dimensionalgrids,theareaof anelementis noth-
ing morethan ��� , whereasits circumferentiallength is
the sumof the weightson its edgesplus � s. Similarly,
the areaof a control volume consistingof a collection
of suchelementsB, is nothingmorethanthesumof the
vertex-volumesof theverticesin B, andthecircumferen-
tial lengthis equalto thesumof theweightsof theedges
connectinga vertex in B with a vertex in V M B plus
the sumof the vertex-boundary-surfacesof the vertices
in B. For example,considerthe control volumethat is
derived from the shadedelementsof the grid shown in
Figure 1. The areaof that control volume is equal to
thesumof the ��� weightsof thecorrespondingvertices,

andits circumferentiallengthis equalto the sumof the
weightsof theedgesthatarebeingcutby thecorrespond-
ing partitioning plus the � s weightsof all the vertices
correspondingto the shadedregion. A similar method
canbe usedto computethe correspondingquantitiesin
three-dimensionalgrids.

Givensuchagraphrepresentationof theoriginalgrid,
the desiredcoarsegrid canbe viewed asa k-way parti-
tioning of the verticesof the dual graphsuchthat each
partitioncontainsbetweenLmi n andLmax vertices,and
optimizesa particulargrid-basedobjective function. Es-
sentially, theverticesin eachpartitionrepresentthegrid
elementsthatwill becombinedto form the control vol-
umesof the coarsegrid. This graph-partitioning-based
view of thesolutionwill beusedthroughoutourdescrip-
tion of the algorithm. In particular, our algorithmswill
operateon the dual graphandwill try to find sucha k-
way partitioning. Thevariousvertex andedgesweights
of thedualgraphcontainall theinformationnecessaryto
accuratelyevaluatethe variousobjective functionsdis-
cussedin Section2.

3.2 Coarsening Phase

Our algorithms, starting from the original grid rep-
resented by its dual graph G � � V � E � , con-
struct a sequenceof approximaterepresentationsby
obtaining a sequenceof successively coarsergraphs�
G1 � G2 � 
�
�
 � Gn � . EachgraphGi is obtainedfrom the

previousgraphGi � 1 by first findingamaximalindepen-
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dentset I i � 1 of edgesof Gi � 1, andthencollapsingto-
getherthe pairsof verticesthat areconnectedby edges
in I i � 1. As a resultof this operation,Gi containsN I i � 1 N
fewer verticesthanGi � 1. An independentsetof edges
of a graphis a setof edgesno two of which areincident
to thesamevertex. An independentsetis maximalif it is
not possibleto addany otheredgeto it without making
two edgesbecomeincidenton thesamevertex.

To preserve the geometricpropertiesof the original
grid, theweightsof theverticesandedgesin Gi areup-
datedto accountfor thedifferentverticesandedgesthat
arebeingcollapsedtogether. In particular, if ��� 1 � � 2 � is
anedgein I i � 1, andu1 is thevertex of Gi thatis obtained
by collapsingtogethervertices� 1 and � 2, our algorithm
setsthevertex-weightu � of u to beequalto ���1 O ���2 , its
vertex-boundary-surfaceus to beequalto � s

1 O � s
2, andits

vertex-volumeu� to beequalto �&�1 O ���2. To preservethe
connectivity informationin thecoarsergraph,theedges
of u aretheunionof theedgesof thevertices� 1 and � 2.
If bothvertices� 1 and � 2 containedgesto thesamever-
tex � 3, then the weight of the edge � u � � 3 � is setequal
to the sumif the weightsof theseedges. By updating
the weightsin this fashion,we canaccuratelycompute
the aspectratio of the control volumesthat eachvertex
represents.

The key stepof our algorithmis the methodusedto
find the maximal independentsetsof edges.Motivated
by earlierresearchongraphpartitioningweuseamethod
calledglobular matching thatwasinspiredby theheavy
edgeheuristic[5]. The ideabehindthis approachis to
selecta maximalindependentsetof edgessuchthat the
controlvolumesthatarecreatedasa resultof collapsing
thepairsof verticesfor eachedge,have thesmallestas-
pectratio. In globular matching,we try to achieve that
usingthe following greedyalgorithm. The verticesare
visited in decreasingorder of their degree. If a vertex
hasnot beenmatchedyet (i.e., is not partof anedgeal-
readyin the independentset),we matchit with its adja-
centunmatchedvertex that leadsto the smallestaspect
ratio, andthe resultingvertex doesnot violate the con-
straintof the maximumsizeof the control volume(i.e.,
the Lmax constraint). The edgecorrespondingto this
pairof verticesis thenaddedto theindependentset.Note
that this algorithmdoesnot guaranteethat the obtained
independentset leadsto the smallestaspectratios, but
our experimentshave shown that it works very well in
practice. The complexity of computinga globular ag-
glomerationis O �PN E N � .

Thecoarseningphaseendswhenthegraphcannotbe

furthercoarsenedwithout violating the Lmax constraint
on themaximumsizeof eachcontrolvolume.

3.3 Initial Solution Phase

The goal of the initial solution phaseis to computea
solution of the original problemusing its coarsestap-
proximation. In our algorithm, the coarsestapproxi-
mationcorrespondsto a graphGn whoseverticeswere
obtainedby collapsingadjacentelementsof the origi-
nal grid. Also, due to the terminationconditionof the
coarseningphase,eachvertex is guaranteedto contain
nomorethanLmax elementsof theoriginalgrid. Given
thesecharacteristicsof Gn, we obtaina solution to the
original problemby essentiallytreatingeachvertex of
Gn asa singlecoarseelementof theoriginal grid. Note
that this solutionmay not necessarilysatisfy the Lmi n
constraint,sincesomeof theverticesin Gn mayactually
containfewer than Lmi n elementsof the original grid.
This is somethingthat will be correctedduring the un-
coarseningphase.

3.4 Uncoarsening Phase

The goal of the uncoarseningphaseis to take the solu-
tion computedin thecoarsestgraphandpropagateit all
thewayupto theoriginalgraph,by goingthroughgraphs
Gn� 1 � 
�
�
 � G1 � G, andfurther refineit duringthis prop-
agation.

The initial solution at the coarsestgraph is nothing
morethana N Vn N -waypartitioningof thisgraph,suchthat
the i th part containsonly the i th vertex of this graph.
Whenthis solutionis propagatedto the next level finer
graphs,mostof these N Vn N partitionswill containmore
thanjust a singlevertex. The overall quality of the so-
lution canbe potentially improved by moving someof
the verticesto different partitions,as long as the size-
constraintsarenotviolated.Suchvertex movementstake
asubsetof elementsfrom onecontrolvolumeandassign
themto a differentcontrol volume. Suchimprovements
arepossiblebecauseof threereasons.First, themaximal
independentsetwerecomputedusingagreedyalgorithm
anddoesleadto anoptimalindependentset.Second,the
objective functionthatwe try to optimizemaybesome-
what differentthanthe heuristicusedto guidethe con-
structionof the maximal independentset. Third, finer
graphshavemoredegreesof freedomthatcanbeusedto
further improve thequality of a solutionderivedfrom a
coarsergraph.

We use a randomizedrefinementalgorithm that is
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similar in natureto that usedin the context of multi-
level k-way partitioning[4]. It consistsof a numberof
iterations. In eachiterationthe verticesarevisited in a
randomorder. For eachvertex � we computethereduc-
tion in the value of the objective function that will be
achievedif � wasto move to anotherneighboringparti-
tion (i.e., controlvolume).If thereexist somemovesthat
leadto actualimprovementswithout violating the size-
constraints,then � is movedto thepartitionthat leadsto
thehighestimprovementamongthem. If no suchmove
exists, then � is not moved. This processstopswhen
no vertex canbe moved during an entire iteration. Our
experimentsshow that in eachgraph,our refinemental-
gorithmconvergeswithin two to five iterations.

This randomizedrefinementalgorithm can be used
with all the different objectives functionsdescribedin
Section2. Moreover, all of theseobjective functionscan
beefficiently evaluatedasthey dependon theaspectra-
tios of the partitionsthat areadjacentto the vertex that
we try to move.

Oneof theside-effectsof our refinementalgorithmis
that it doesnot guaranteethat the discoveredpartitions
will be contiguous,even if the initial partitioning con-
tainedcontiguouspartitions. This is becauseduring the
refinement,verticescorrespondingto grapharticulation
pointscanbemovedwhensuchmovesimprovethepar-
ticular objective function. To handlethesecases,at the
endof eachrefinementphase,we identify which parti-
tions containnon-contiguouscontrol-volumes,andcre-
ate different partitionsfor eachone of them. As a re-
sult, the final solutionmay containmorethan N Vn N par-
titions. Due to this contiguity enforcementas well as
due to the coarsening,the partitionsmay actually con-
tain fewer thanLmi n elements.To correctthis problem
afterthepartitioncontiguityhasbeenenforced,wetry to
mergesmallpartitionswith someof their adjacentparti-
tions, as long asthe resultingpartition doesnot violate
the Lmax constraint.The selectionof which partitions
to merge is guidedby the particularobjective function
that we try to optimize. Oncethe merging operationis
finished,thenumberof controlvolumesthathave fewer
than Lmi n elementsis now greatly minimized. Only
thosecontrol volumesthat areadjacentto prohibitively
“large” controlvolumeswill remainunmerged.As a last
step,theneighborsof thesmallpartitions,thatcanafford
to lose someof their vertices,have to contribute these
verticesto thesepartitions. In this way we can ensure
thatthe Lmi n andLmax constraintsaresatisfied.

4 Parallel Implementation

In recentyears,a numberof scalableparallel formu-
lationsof multilevel graphpartitioningalgorithmshave
beendeveloped[8, 14, 6, 15]. However, even though
ourserialcoarsegrid constructionalgorithmsharesmany
characteristicswith thesemultilevel partitioning algo-
rithms,their parallelformulationscannotbeusedto effi-
ciently parallelizethe grid constructionalgorithm. This
is because,unlike graphpartitioning,in which thenum-
berof partitionsis verysmallrelatively to thesizeof the
graph,in coarsegrid construction,the numberof fused
elements(which correspondto thenumberof partitions)
is very largeandof thesameorderasthenumberof ver-
tices. This differencemakesexisting parallel formula-
tionsof multilevel graphpartitioningunscalable,astheir
communicationoverheadis lower boundedby thenum-
berof partitions.This led us to developanentirelynew
approachof parallelizingthecoarsegrid constructional-
gorithm that doesnot rely on existing parallel formula-
tionsof multilevel graphpartitioning.

1...nsteps

Create Fused Element Graph

Refine Graph

Distribute Graph

Redistribute Original Graph

Run serial algorithm on every processor

Repartition Fused Element Graph and
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The overall structure of our parallel algorithm is
shown in Fig. 2. Initially, themeshis distributedamong
theprocessorsusingaparallelmultilevelgraphpartition-
ing algorithm. This resultsin a distribution in which
eachprocessorcontainsawell-shapedsubdomain,in the
sensethatthenumberof elementsbetweenprocessorsis
minimized. Now, eachprocessor, operateson its locally
storedportionof theoverallmesh,andit cutsall connec-
tionsto otherprocessors.It thenusestheserialmultilevel
coarsegrid constructionalgorithmto generatea coarse
grid for its local subdomain.Sincetheprocessorsoper-
ate only on their own subdomains,this approachleads
to a coarsegrid whoseinterior containselementswith
goodaspectratios,but becauseit is notallowedto create
fusedelementsacrossprocessorsubdomainboundaries,
the quality of the elementsalong the processorsubdo-
mainboundariesmaybepoor.

Original Partition

New partition

 &! #&$"%('0W
: X ,�A 3(; 3(; 6�=�L

Oneway of correctingthis problemis to allow fused
elementson the boundariesto participatein refinement
iterationswith the fusedelementsstoredin neighboring
(with respectto themesh)processors.However, this ap-
proachleadsto fine-graincommunicationandsynchro-
nizationthatcanpotentiallylimit theoverall parallelef-
ficiency. For this reasonwe developedan alternateap-
proachfor correctingthe quality of theseinterfaceele-
ments.Thekey ideaof our approachis to usean adap-
tive graphpartitioningalgorithmto perturbthe existing
meshpartition,so that theelementsalongtheprocessor
interfaceboundarymovecloserto theinterior, andaway
from theboundary. Themotivationbehindthisapproach
is that if thefusedelementsalongtheinterfacemove to-
wardsthe interior of the subdomain,thentheir adjacent
fusedelementswill moveto thesamesubdomainaswell,

andtheir quality canbeimprovedby simply performing
local refinement.This is illustratedin Fig. 3, in which
the dark black lines correspondto the new partitioning
of the original mesh.Note that the repartitioningof the
meshcan be done in sucha way so that the elements
thathavealreadybeenfusedtogetherareassignedto the
sameprocessor, thuspreservingthequality of theexist-
ing fusedelements.

Our parallel algorithm usesthe adaptive graphpar-
titioning algorithmavailablein PARMETIS([7]), andthe
overallprocessof adaptiverepartitioningfollowedby lo-
cal refinementis performeduntil the overall quality the
coarsegrid doesnot improve any further. Our exper-
iments have shown that the overall processconverges
within asmallnumberof iterations(lessthanten).

5 Experimental Results

We evaluatedthe performanceof our serialandparallel
algorithmsusing threedifferent 3D tetrahedralmeshes
whosecharacteristicsareshown in Table1. Thesizeof
thesemeshesrangedfrom 94.5K to 1.1M elements.We
testedthe quality of the grids obtainedfrom our algo-
rithms in the simulationof an unsteadyflow of moving
grids,arisingin aero–elasticityproblems,usinganedge–
basedmultigrid solver, for eachoneof thethreemeshes.
The parallel performancewas evaluatedon two differ-
ent architectures.The first one was a 1024–processor
CRAY T3E-1200parallelcomputerwith EV6 Alphapro-
cessorsrunningat 600MHz and512MB of memoryat
eachprocessor. The secondwasa 16-processorLinux-
basedclusterof workstationsconnectedvia a 100MBit
Ethernetswitch.EachprocessorwasanIntel PentiumIII
at 650Mhzwith 1GB of mainmemory. We will refer to
thisclusterasthe“BEO” machine.

Name # Elements Description
M6 94Y 493 M6 wing
F22 428Y 748 F22wing
F16 1Y 124Y 648 F16wing

Z�[�\^] '*)
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5.1 Evaluation of the Serial Algorithm

Our first setof experimentswas focusedon evaluating
the quality of the coarsergrids producedby our serial
multilevel coarsegrid constructionalgorithm using the
unsteadyflow simulation.

Table2 shows the convergencecharacteristicsof the
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multigrid solver for different methodsfor constructing
the coarsegrids. In particular, the table shows the re-
sults for six different algorithmsfor coarsegrid con-
struction. The row labeled“Trad1” correspondsto the
resultsobtainedby the simple neighborhoodbasedag-
glomerative scheme[2]. The results labeled“Trad2”
correspondto the neighborhoodbasedagglomerative
schemethattakesinto accounttheaspectratioof thenew
cells [11, 13]). Theremainingresultslabeled“ML F1”,
“ML F2”, “ML F3”, “ML F3 F2”, correspondto our
multilevel coarsegrid constructionalgorithmsusingthe
F1, F2, F3, andF3 O F2 objective functionsrespectively
from section2.

M6 F22 F16
Technique # Iterations # Iterations # Iterations

Trad1 215 181 399
Trad2 160 153 358

ML F1 146 155 349
ML F2 149 159 345
ML F3 156 157 349

ML F3 F2 148 160 339

Zd[�\^] '*Q
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Looking at the resultsin this table we can seethat
the differentobjectivesof the proposedmultilevel algo-
rithmsfor constructingthecoarsegrids,tendto perform
very similar to eachother. In mostcases,thenumberof
iterationsrequiredby themultigrid solver on thecoarse
gridsgeneratedby thefourobjectivesarewithin 3%from
eachother. Theonly exceptionwasML F3 thatrequired
7%moreiterationsonM6 thantheotherschemes.Com-
paringTrad1againstTrad2 we canseethat the former
performssignificantlyworse. Comparingthe multilevel
approachesagainstTrad2 we can seethat they lead to
coarsegridsthatarebetter(at leastin termsof thenum-
berof iterations)for M6 andF16andthey achieve com-
parablequality for F22. In particular, thenumberof iter-
ationsrequiredby the multigrid solver is lower by 10%
on M6 and6% on F16whenthemultilevel schemesare
used.

5.2 Evaluation of the Parallel Algo-
rithm

We evaluatedthe performanceof our parallel formula-
tion of themultilevel coarsegrid constructionalgorithm
on the samethreeunstructuredmeshesusedby the se-
rial algorithm. Our evaluationwasdoneat threelevels.
First we comparedtheaspect-ratiocharacteristicsof the

generatedcoarsegrids as the numberof processorsin-
creased.Second,we comparedthe performanceof the
multigrid solver on theparallelgeneratedgrids. Finally,
we evaluatedthe scalabilityof the parallelalgorithmit-
self.

Table 3 shows the quality of the coarsegrids pro-
duced by our parallel algorithm on the CRAY using
1 � 2 � 4 � 8 � 16� 32� 64� 128� 256� and 512 processorsfor
the M6, F22 andthe F16 datasets. Theseresultswere
obtainedusingthe schemeML F3 F2. Note that some
of the resultscould not be obtaineddueto the fact that
therewasnot enoughmemoryon small numberof pro-
cessorson the CRAY T3E. Table4 shows theresultsof
thesametestsranon theBEO clusterfor 1 � 2 � 4 � 8 � and
16 processors.Resultsfrom teststhatwerenot obtained
on the CRAY dueto memorylimitationscanbeseenin
this table. From theseresultswe can seethat with re-
spectto the F2 measure,the quality of the coarsegrids
producedby the parallelalgorithmremainsthe sameas
we increasethenumberof processors.In facttheoverall
F2 measureseemsto improve aswe increasethe num-
ber of processors.This is primarily dueto the fact that
the larger processorconfigurationsproducedgrids with
slightly moreelements.With respectto the F3 measure
the overall quality still remainsthe same,even though
therearecertaininstancesin which theresultsaresome-
whatdifferent. This is primarily dueto the fact that the
F3 measureis entirelydeterminedby thequalityof asin-
gle fusedelement,and it is muchmoresensitive to the
underlyingrandomizationof thealgorithm.

Table5 showstheconvergenceof themultigrid solver
usingthevariousgridsgeneratedby thedifferentobjec-
tive functionsof themultilevel algorithm.Sincethecur-
rent versionof our multigrid solver runs only serially,
theseresultswereobtainedby first generatingthecoarse
grids in parallel,andthenusingthemasinput to these-
rial multigrid algorithm. Due to time limitations the re-
sults reportedin this table show only the convergence
performancefor up to 16 processors.Nevertheless,even
from theselimited results,we can seethat, in general,
ourparallelmultilevel algorithmsproducegridsthatlead
to similar convergenceratesfor themultigrid algorithm,
asour serial multilevel algorithm. In fact, the number
of iterationsrequiredby thevariousalgorithmsremained
prettymuchconstantaswe increasedthenumberof pro-
cessors.The only exceptionwaswith problemF16, for
which the numberof iterationsdid increaseslightly for
ML F2, ML F3, andML F3 F2. Oneof thereasonsfor
that may be dueto the fact the sizeof the coarsegrids
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M6 F22 F16
# PES F3 F2 F3 F2 F3 F2

1 2e 43e f 01 1e 82e f 06 — — — —
2 2e 26e f 01 1e 82e f 06 — — — —
4 2e 25e f 01 1e 82e f 06 2e 71e f 01 8e 29e f 06 — —
8 2e 27e f 01 1e 82e f 06 2e 93e f 01 8e 28e f 06 — —
16 2e 26e f 01 1e 81e f 06 2e 31e f 01 8e 25e f 06 2e 24e f 01 2e 02e f 07
32 2e 26e f 01 1e 80e f 06 2e 36e f 01 8e 23e f 06 2e 64e f 01 2e 02e f 07
64 2e 26e f 01 1e 80e f 06 2e 40e f 01 8e 21e f 06 7e 11e f 01 2e 01e f 07
128 2e 26e f 01 1e 80e f 06 2e 31e f 01 8e 20e f 06 2e 28e f 01 2e 01e f 07
256 2e 30e f 01 1e 79e f 06 1e 68e f 02 8e 19e f 06 2e 84e f 01 2e 01e f 07
512 2e 43e f 01 1e 78e f 06 4e 57e f 01 8e 18e f 06 3e 50e f 01 2e 01e f 07

Zd[�\^] '7W
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M6 F22 F16
# PES F3 F2 F3 F2 F3 F2

1 2e 70e f 01 1e 82e f 06 2e 55e f 01 8e 33e f 06 2e 28e f 01 2e 04e f 07
2 2e 29e f 01 1e 82e f 06 2e 32e f 01 8e 30e f 06 2e 84e f 01 2e 03e f 07
4 3e 19e f 01 1e 82e f 06 2e 55e f 01 8e 29e f 06 2e 84e f 01 2e 03e f 07
8 2e 27e f 01 1e 81e f 06 2e 41e f 01 8e 28e f 06 2e 28e f 01 2e 03e f 07
16 2e 26e f 01 1e 81e f 06 2e 31e f 01 8e 25e f 06 2e 84e f 01 2e 02e f 07

Zd[�\^] '7s
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generatedasthenumberof processorsincreasesis some-
whatlarger. We arecurrentlyinvestigatingtheseresults.

Finally, Table6 shows the run times(in seconds)re-
quiredby thedifferentprocessorsto constructthecoarse
grids. The timesappearingherecorrespondto the runs
madefor creatingTables3 and 4. The single proces-
sor run timeswereobtainedusing the serialalgorithm.
A numberof observationscanbe madefrom this table.
First,lookingattheresultsof M6 (whichwewereableto
runonsingleprocessoron theCRAY), andtheresultsof
all gridson theBEO, we canseethat the two-processor
time is actuallyhigherthantheserialtime. This is dueto
thefactthattheparallelalgorithmperformsmorecompu-
tations,asit needsto refinethesolutionsmultiple times
(onceaftereachrepartitioning).Howeverasthenumber
of processorsincreases,theamountof timerequireddoes
decrease.In thecaseof theCRAY T3E, theruntimeac-
tually reduceslinearly all theway up to 256processors.
The run-time reductionis lower when going from 256
to 512 processorsasall threeproblemsarequite small
(evenfor thelargermesh,F16,thereareonly about2150
elementsateachprocessor).In thecaseof theBEOclus-
ter, a significantreductionin runtimeis obtainedall the
way up to 8 processors.However, whengoingfrom 8 to
16 processors,theamountof time requiredfor M6 actu-
ally increases.Theperformancedegradationis dueto the
poorinterprocessorinterconnectionnetwork of theclus-

ter. Despitethat, as the problemsize increases,better
speedupcanstill beobtainedasillustratedby theresults
obtainedfor F22,for which theruntimereducedby 32%
whengoingfrom 8 to 16 processors.

CRAY T3E BEO
M6 F22 F16 M6 F22

# PES Time Time Time Time Time
1 80e 66 — — 32e 74 173e 61
2 103e 17 — — 46e 14 246e 66
4 50e 43 256e 13 — 28e 21 153e 21
8 22e 30 125e 21 — 14e 18 74e 71
16 9e 95 61e 06 163e 14 18e 64 50e 55
32 4e 38 29e 71 90e 08 — —
64 2e 24 14e 86 40e 47 — —
128 1e 68 7e 11 19e 15 — —
256 1e 06 4e 52 10e 72 — —
512 1e 06 3e 55 7e 11 — —

Z�[�\^] 'wv
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6 Conclusions

In this paperwe presentedserialandparallelalgorithms
for building coarsegridsfor geometricmultigrid solvers
that usethe multilevel paradigm.Our resultsshow that
thisapproachleadsto coarsegridsthathavewell–shaped

9



M6 F22 F16
# Iterations # Iterations # Iterations

Technique p | 2 p | 4 p | 8 p | 16 p | 2 p | 4 p | 8 p | 16 p | 2 p | 4 p | 8 p | 16
ML F1 146 147 149 150 158 159 160 157 353 352 350 344
ML F2 147 146 148 149 158 157 158 156 341 342 344 355
ML F3 148 148 150 152 157 156 156 156 339 348 345 354

ML F3 F2 146 146 147 152 159 158 161 158 338 341 349 357

Zd[�\^] '*}
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elementsandthecorrespondingparallelformulationcan
scaleto largenumberof processors.
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