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Abstract

Geometric Multigrid methods have gained
widespreadacceptancdor solving large systems
of linear equationsgspeciallyfor structuredgrids.
One of the challengesin successfullyextending
thesemethodsto unstructuredyridsis the problem
of generatinganappropriatesetof coarsegrids. The
focusof this paperis the developmentof robustal-
gorithms,both serialand parallel, for generatinga
sequenc®f coarsegrids from the original unstruc-
tured grid. Our algorithmstreat the problem of
coarsarid constructiorasanoptimizationproblem
thattriesto optimizetheoverall quality of theresult-
ing fusedelementsWe solwe this problemusingthe
multilevel paradignthathasbeenvery successfuin
solvingtherelatedgrid/graphpartitioningproblem.
The parallelformulation of our algorithmincursa
very smallcommunicatioroverhead achiezeshigh
degreeof concurreng, andmaintainghe high qual-
ity of the coarsegrids obtainedby the serial algo-
rithm.
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1 Introduction

Geometricmultigrid methodshave gainedwidespread
acceptancéor solvinglarge systemsf linearequations,
especiallyfor structuredgrids. One of the challenges
in successfullyextendingthesemethodsto unstructured
meshess thatthereexistsnowidely acceptednethodfor
generatinganappropriatesetof coarsegrids.

Existing coarsegrid constructionalgorithmsoperate
on the dual graphof the unstructuredmeshand obtain
the controlvolumesof the coarsegrid by usinga variety
of agglomeratingechnique$9, 2,10, 11, 12]. Thebasic
ideabehindtheseapproachess to startfrom a particu-
lar vertex of the dualgraphandfusetogethersomeof its
adjacentverticesinto a new coarsegrid controlvolume.
The selectionof the verticesto be fusedtogethercanbe
basecdeitheron the connectvity of thedualgraph[2], or
it canbedonesothatthequality of thecoarsecontrolvol-
ume,asmeasuredby its aspectatio, is locally optimized
[13]. Unfortunately suchlocally greedyagglomerating
techniqueguite oftenleadto coarsegrids of poorqual-
ity. Thus,despitethe numberof differentagglomeratie
approacheslreadydeveloped thereis still a greatneed
for improvement.

The focus of this paperis to develop robust algo-
rithms,bothserialandparallel,for generating sequence
of coarsegrids from the original unstructuredyrid. To
this end, we formulatethe problemas an optimization
problemwhosegoalis to generatea coarsegrid thatop-
timizesa particularobjectve functionwhich captureghe
overall quality of the grid subjectto lower and upper
boundconstraintonthesizeof grid’s controlvolumes.



We investigatetwo generalclassesof coarse-grid
guality measureghat are basedon the aspectratios of
theresultingcontrolvolumes.Thefirst classtriesto op-
timize anadditive function of theindividual controlvol-
umes’aspectatios,whereaghesecondlassfocuseson
boundingthe aspectatio of the worstelements We de-
velophighly accurateandcomputationallyefficientalgo-
rithms for solving theseoptimizationproblemsthat are
basedon the multilevel paradigm thathasbeenrecently
found to be quite effective in solving the relatedprob-
lem of graphandmeshpatrtitioning[1, 3, 5, 4]. We also
presentparallelformulationof our serialalgorithmthat
combinesour serial multilevel coarsegrid construction
algorithmwith existing scalableparallelformulationsof
adaptve graphpartitioning[15] to effectively parallelize
thegeneratiorof coarsegrids.

We experimentallyevaluatethe performanceof our
algorithmsin the simulationof unsteadyflow on three
differentunstructuredyrids. Our experimentsshov that
the coarsegrids obtainedby our serialalgorithmsallow
the multigrid solver to corvergein 5% to 20% fewer it-
erationswhencomparedo existing agglomeratingech-
nigues.Moreover, our parallelevaluationshowvs thatthe
improvedcorvergenceaatescarryoverto theparallelfor-
mulation as well and that our parallel formulation can
efficiently scaleup to 512 processorgvenfor moderate
sizegrids containingaroundonemillion elements.

The restof the paperis organizedas follows. Sec-
tion 2 motivatesanddescribeshevariousobjectivefunc-
tionsthatwereusedto measurehe quality of the coarse
grids. Section3 describeghe detailsof our serialmul-
tilevel algorithmfor building coarsegrids,andSection4
describedts parallelformulation. Theexperimentakval-
uationof boththeserialandparallelalgorithmsis shovn
in Sectionb. Finally Section6 providessomeconcluding
remarks.

2 Objective Functions

The aim of our coarsegrid constructionalgorithmsis
to generatea sequenceof coarsegrids suchthat each
grid optimizesa certainfunctionthatcapturegheoverall
quality of the fusedelementsij.e., the control volumes
of the coarsemgrids. In orderto ensurefastconvergence
ratesof multigrid algorithmsthesequencef coarsegrids
mustcontainwell shapedtontrolvolumes.A widely ac-
ceptedmeasurdor the quality of a controlvolume(i.e.,
how well-shapedit is) is its aspectratio A. For two—

dimensionafridstheaspectatiois definedas

wherel is thecircumferentialengthand Sis the areaof
thecontrolvolume,respectiely. Analogouslyfor three-
dimensionafgridstheaspectatiois definedas
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where, S is the surfaceareaandV is the volume of the
controlvolume,respectiely. A controlvolumeis well-
shapedf it is ascompactaspossiblej.e., its aspecta-
tio is minimized. Hence for two- andthree-dimensional
gridswe wantto getcontrolvolumesthatareascloseto
beingcircularandsphericalyespectiely.

Using the aspectratio of a control volumeasa mea-
sureof its quality we canderive a numberof different
measures$o capturethe overall quality of a coarsegrid.
In particular if NCoar se is the numberof control vol-
umesin the coarsegrid, a simpleway of measuringts
quality is to addtheaspectatiosof all of its controlvol-

umes.Thatis,
NCoarse

> A, 1)

i=1

F1=

where A; is the aspectratio of the ith control volume.
Sinceour goalis to obtaingridsthatcontainwell-shaped
controlvolumes,a coarsegrid thatminimizesF; is pre-
ferred.Oneof thelimitationsof the F; measureés thatit
doesnot take into accountthe size of the differentcon-
trol volumeswhich can potentially be somevhat differ-
ent. This measureanbe easilymodifiedto give higher
weightto largercontrolvolumesithus,penalizing(or re-
warding) it whenthe aspectratio of large control vol-
umesarepoor(or good). In thiscasethenew grid quality

measures
NCoarse

Fa= wi Ai, (2)
i=1

wherewj is the numberof elementshatwerefusedto-
getherto obtainthe ith control volume. Again, coarse
grids that minimize the F» measureare also preferred.
Potentially though,eitherthe F; or the F, measuresan
fail to accountfor coarsegrids whoseoverall quality is
good, but nonethelessthey still containa limited num-
berof controlvolumesthatareof poorquality. To correct
this problem,we canmeasurehe quality of a coarsegrid
by looking atthe aspectatio of its worst(i.e., higheras-



pectratio) controlvolume.In this casethequality of the
coarsegrid is givenby

F3 = max  A;. 3)

i=1...NCoarse
Coarsegrids that minimize the F3 measurewill be pre-
ferred.

These three different functions for measuringthe
quality of a coarsegrid canbe usedasthe objectvesto
be optimizedwhile generatinghe next level coarsegrid.
In particulay thecoarsegrid constructiorproblemcanbe
formulatedasthefollowing optimizationproblem.

Given an initial grid, generatea coarsegrid

suchthat eachof its control volumescontains
at leastLmin andat mostLmax elementsof

theinitial grid, andthe coarsegrid minimizes
oneof thedifferentgrid quality measureshat
is eitherFy, Fo, or Fs.

Note that the various grid-quality measuresan be
combinedto perform multi-objective optimizations. In
particular F3 canbe easilycombinedwith either F; or
F2. In this case the goal of the optimizationalgorithm
is to generatea coarsegrid that first minimizesthe F3
measureandamongthe solutionsthathave the sameFs
value, it focuseson constructinga grid that minimizes
eitherFy or Fo.

In the rest of this paperwe will refer to the vari-
ousgrid-qualitymeasuresasthecorrespondin@bjective
functions.

3 Serial Multilevel Coarse Grid

Construction

Our algorithmfor generatingcoarsegrids solvesthe op-
timization problem describedin Section2, using the
multilevel paradigm. The basicidea of the multilevel
paradigmis the following. If M is the original prob-
lem, a sequencef successie approximationsf M is
obtained{M1, M2, ..., Mp} suchthat eachsuccessie
approximationM; 1 is a smallerproblemthanits pre-
vious approximationM;. Oncethat sequencérasbheen
obtained a solutionof the optimizationproblemis com-
putedat the coarsestpproximationMy,. This solution
is usedto derive a solutionfor the next-level finer ap-
proximationMy_1, whichis furtheroptimizedlocally on
Mn-1. Now, the solutionto M1 is againusedto de-
riveasolutionfor M2 whichis alsofurtheroptimized.
Thisprocesontinuesuntil asolutionpropagateall the

way uptotheoriginal problemM, whichbecomeshefi-
nal solution. The threedistinct phaseof the multilevel
paradigmarecalledcoarsening initial solution andun-
coarseningphasestespectiely.

The multilevel paradigmhasbeenusedsuccessfully
in mary applicationssuch as traveling salesmanand
graphpartitioning[1, 3, 16, 5, 4]. In fact,thewidely used
graphpatrtitioningalgorithmsavailablein Chaco,MeTiS,
andJOSTLEarebasedn this paradigm.Also notethat
the overall ideaof the multilevel optimizationparadigm
is very similarin natureto the multigrid algorithmitself.

The methodusedto obtain approximaterepresenta-
tions of the original problemplaysanimportantrole in
the succes®f themultilevel paradigm.In particular the
approximateepresentationsiustbe suchthatthe qual-
ity of asolutionobtainedin themis similar (if notiden-
tical) to the quality of the samesolutionwhenviewedin
the original problem. This ensureghatthe optimization
beingperformedat the coarsestevelsof theapproxima-
tions,doesoptimizethesolutionof the original problem.
This is true in the context of graphpartitioning,andas
we will shaw in the restof this section,is true for our
problemaswell.

In the rest of this sectionwe discusshow the vari-
ousgridsarerepresentedanddescribeouralgorithmsfor
thecoarseningitial solution,anduncoarseninghases.
Note that our discussionwill only focuson generating
the next level coarsegrid and the overall sequenceof
grids can be obtainedby applying the samealgorithms
repeatedly

3.1 Grid and Solution Modeling

Ouralgorithmsmodelthegrid usingits dualgraph.In the
dualgraphG = (V, E), eachvertex correspondo anel-
ementof the grid (i.e., triangle, tetrahedronbrick), and
two verticesareconnectedia anedgejf thecorrespond-
ing grid elementssharea segmentor facedependingon
whetheror not the grid is two- or three-dimensionalAn
example of a two-dimensionaltriangularmeshand its
correspondinglual graphis shovn in Figurel.

For every vertex v in the graphwe have threevalues
associatedvith it, thatwe call themvertex-weight(v*),
vertex-boundary-surfacgv®), and vertex-volume (vY).
The vertex-weight captureshe numberof original grid
elementghatthis particularelementepresentsinitially,
all vertex-weightsaresetto one,but asthe original grid
is coarsenedheirweightsareupdatedo accountor the
numberof elementghatthe particularcontrolvolumeis
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Figure 1: Sample two-dimensional triangular mesh and the dual Graph.

madeoff. The vertex-boundary-suaceis usedto cap-
turethelengthor areaof theelements segmentsor faces
thatarenotsharedy otherelementsi.e., they areonthe
boundaryof the grid. Note thatfor all interior elements
v® will be zero. The vertex-volumeis usedto capture
the area(for two-dimensionabrids) or the volume (for
three-dimensionajrids) of that particularelement. Fi-
nally, for every edge(v, u), our dualgraphhasa weight
associatedvith it thatcorrespondso eitherthelengthof
thesharedine sgmentor the areaof the sharedace,in
two- or three-dimensionagrids, respectrely. The vari-
ousvertex andedgeweightsareillustratedin Figurel.
Theweighteddual graphcontainsall the information
thatis necessario computeheaspectatiosof eachgrid
elementaswell asarny control volumederived by com-
bining ary of theseelements.In particular in the case
of two-dimensionagrids,theareaof anelemenis noth-
ing morethanv?, whereasts circumferentiallengthis
the sumof the weightson its edgesplus vS. Similarly,
the areaof a control volume consistingof a collection
of suchelementsB, is nothingmorethanthe sumof the
vertex-volumesof theverticesin B, andthecircumferen-
tial lengthis equalto the sumof theweightsof theedges
connectinga vertex in B with a vertex in V — B plus
the sumof the vertex-boundary-suridcesof the vertices
in B. For example,considerthe control volumethatis
derived from the shadecelementsof the grid shavn in
Figure 1. The areaof that control volumeis equalto
the sumof the v weightsof the correspondingertices,

andits circumferentiallengthis equalto the sumof the
weightsof theedgedhatarebeingcutby thecorrespond-
ing partitioning plus the v® weightsof all the vertices
correspondingo the shadedregion. A similar method
canbe usedto computethe correspondingjuantitiesin
three-dimensionajrids.

Givensuchagraphrepresentatioof theoriginal grid,
the desiredcoarsegrid canbe viewed asa k-way parti-
tioning of the verticesof the dual graphsuchthat each
partitioncontainsbetween_mi n andL max verticesand
optimizesa particulargrid-basedbjective function. Es-
sentially the verticesin eachpartitionrepresenthe grid
elementghatwill be combinedto form the controlvol-
umesof the coarsegrid. This graph-partitioning-based
view of thesolutionwill beusedthroughoutourdescrip-
tion of the algorithm. In particulay our algorithmswiill
operateon the dual graphandwill try to find sucha k-
way partitioning. The variousvertex and edgesweights
of thedualgraphcontainall theinformationnecessaryo
accuratelyevaluatethe various objective functionsdis-
cussedn Section2.

3.2 Coarsening Phase

Our algorithms, starting from the original grid rep-
resented by its dual graph G = (V,E), con-
struct a sequenceof approximaterepresentationdy
obtaining a sequenceof successiely coarsergraphs
{G1, G2, ..., Gp}. EachgraphG; is obtainedfrom the
previousgraphG; _; by first finding amaximalindepen-



dentsetl;_1 of edgesof Gj_1, andthencollapsingto-
getherthe pairs of verticesthat are connectecby edges
in l;_1. As aresultof this operation,G; contains|l;_1|
fewer verticesthan G;_1. An independensetof edges
of agraphis a setof edgeso two of which areincident
to thesamevertex. An independensetis maximalif it is
not possibleto addany otheredgeto it without making
two edgesecomedncidenton the samevertex.

To presere the geometricpropertiesof the original
grid, the weightsof theverticesandedgesn G; areup-
datedto accountfor the differentverticesandedgeghat
arebeingcollapsedogether In particular if (v1, v2) is
anedgein l;_1, andu; is thevertex of G; thatis obtained
by collapsingtogetherverticesvy andwvz, our algorithm
setsthevertex-weightu® of u to beequalto v’ + vy, its
vertex-boundary-sufiaceu® to beequalto v + v, andits
vertex-volumeu® to beequalto v} + v5. To preserethe
connectvity informationin the coarsergraph,the edges
of u arethe union of the edgesof the verticesv1 andv,.
If bothverticesv; andv, containedgedo the samever
tex vz, thenthe weight of the edge(u, v3) is setequal
to the sumif the weightsof theseedges. By updating
the weightsin this fashion,we canaccuratelycompute
the aspectratio of the control volumesthat eachvertex
represents.

The key stepof our algorithmis the methodusedto
find the maximalindependensetsof edges. Motivated
by earlierresearcton graphpartitioningwe useamethod
calledglobular matching thatwasinspiredby the heary
edgeheuristic[5]. The ideabehindthis approachs to
selecta maximalindependensetof edgessuchthatthe
controlvolumesthatarecreatedasa resultof collapsing
the pairsof verticesfor eachedge have the smallestas-
pectratio. In globular matching,we try to achieve that
usingthe following greedyalgorithm. The verticesare
visited in decreasingorder of their degree. If a vertex
hasnot beenmatchedyet (i.e., is not partof anedgeal-
readyin theindependenset), we matchit with its adja-
centunmatchedsertex thatleadsto the smallestaspect
ratio, andthe resultingvertex doesnot violate the con-
straintof the maximumsize of the control volume(i.e.,
the Lmax constraint). The edgecorrespondingo this
pairof verticess thenaddedo theindependenget. Note
that this algorithm doesnot guarantedghat the obtained
independentetleadsto the smallestaspectratios, but
our experimentshave shown thatit works very well in
practice. The compleity of computinga globular ag-
glomerationis O(|E|).

The coarseningphaseendswhenthe graphcannotbe

furthercoarsenedvithout violating the Lmax constraint
onthemaximumsizeof eachcontrolvolume.

3.3

The goal of the initial solution phaseis to computea
solution of the original problemusing its coarsestap-
proximation. In our algorithm, the coarsestapproxi-
mationcorrespondso a graphG,, whoseverticeswere
obtainedby collapsingadjacentelementsof the origi-
nal grid. Also, dueto the terminationcondition of the
coarseningphase,eachvertex is guaranteedo contain
no morethanLmax elementof the original grid. Given
thesecharacteristic®f G, we obtain a solutionto the
original problemby essentiallytreating eachvertex of
Gp asasinglecoarseelementof the original grid. Note
that this solution may not necessarilysatisfy the Lmin
constraintsincesomeof theverticesin G, mayactually
containfewer than Lmin elementsof the original grid.
This is somethingthat will be correctedduring the un-
coarseninghase.

Initial Solution Phase

3.4 Uncoarsening Phase

The goal of the uncoarseninghaseis to take the solu-
tion computedn the coarsesgraphandpropagatet all
theway upto theoriginalgraph by goingthroughgraphs
Gn-1,..., G1, G, andfurtherrefineit duringthis prop-
agation.

The initial solution at the coarsesgraphis nothing
morethana | Vp|-way partitioningof thisgraph,suchthat
the ith part containsonly the ith vertex of this graph.
Whenthis solutionis propagatedo the next level finer
graphs,mostof these|V,| partitionswill containmore
thanjust a singlevertex. The overall quality of the so-
lution canbe potentially improved by moving someof
the verticesto different partitions, aslong asthe size-
constraintarenotviolated. Suchvertex movementgake
asubsebf elementdrom onecontrolvolumeandassign
themto a differentcontrol volume. Suchimprovements
arepossiblebecausef threereasonsFirst, the maximal
independensetwerecomputedisingagreedyalgorithm
anddoesleadto anoptimalindependenset. Secondthe
objective functionthatwe try to optimizemay be some-
what differentthanthe heuristicusedto guide the con-
struction of the maximalindependenset. Third, finer
graphshave moredegreesof freedomthatcanbe usedto
furtherimprove the quality of a solutionderived from a
coarsegraph.

We use a randomizedrefinementalgorithm that is



similar in natureto that usedin the context of multi-
level k-way partitioning[4]. It consistsof a numberof
iterations. In eachiterationthe verticesare visited in a
randomorder For eachvertex v we computethe reduc-
tion in the value of the objective function that will be
achievedif v wasto move to anothemeighboringparti-
tion (i.e., controlvolume). If thereexist somemovesthat
leadto actualimprovementswithout violating the size-
constraintsthenv is movedto the partitionthatleadsto
the highestimprovementamongthem. If no suchmove
exists, then v is not moved. This processstopswhen
no vertex canbe moved during an entireiteration. Our
experimentsshow thatin eachgraph,our refinemental-
gorithm convergeswithin two to five iterations.

This randomizedrefinementalgorithm can be used
with all the different objectives functions describedin
Section2. Moreover, all of theseobjective functionscan
be efficiently evaluatedasthey dependon the aspecta-
tios of the partitionsthat are adjacentto the vertex that
we try to move.

Oneof the side-efectsof our refinementlgorithmis
thatit doesnot guaranteehat the discoveredpartitions
will be contiguous,evenif the initial partitioning con-
tainedcontiguouspartitions. This is becausealuring the
refinementyerticescorrespondindo grapharticulation
pointscanbe movedwhensuchmovesimprove the par
ticular objective function. To handlethesecasesat the
end of eachrefinementphase we identify which parti-
tions containnon-contiguougontrol-volumes,and cre-
ate different partitionsfor eachone of them. As are-
sult, the final solutionmay containmorethan|V,| par
titions. Due to this contiguity enforcemenias well as
dueto the coarseningthe partitionsmay actually con-
tain fewer than L min elements.To correctthis problem
afterthe partitioncontiguityhasbeenenforcedwetry to
merge small partitionswith someof their adjacenparti-
tions, aslong asthe resultingpartition doesnot violate
the Lmax constraint. The selectionof which partitions
to meme is guidedby the particularobjective function
thatwe try to optimize. Oncethe meming operationis
finished,the numberof controlvolumesthat have fewer
than Lmin elementsis now greatly minimized. Only
thosecontrol volumesthat are adjacentto prohibitively
“large” controlvolumeswill remainunmeged.As alast
steptheneighborof thesmallpartitions thatcanafford
to lose someof their vertices,have to contribute these
verticesto thesepartitions. In this way we can ensure
thatthe Lmin andLmax constraintaresatisfied.

4 Parallel Implementation

In recentyears,a numberof scalableparallel formu-
lations of multilevel graphpartitioning algorithmshave
beendeveloped[8, 14, 6, 15. However, even though
ourserialcoarsegrid constructioralgorithmsharesnary
characteristicavith thesemultilevel partitioning algo-
rithms, their parallelformulationscannotbe usedto effi-

ciently parallelizethe grid constructionalgorithm. This
is becauseunlike graphpartitioning,in which the num-
berof partitionsis very smallrelatively to the sizeof the
graph,in coarsegrid constructionthe numberof fused
elementgwhich correspondo the numberof partitions)
is very largeandof the sameorderasthe numberof ver-

tices. This differencemakes existing parallel formula-
tionsof multilevel graphpartitioningunscalableastheir
communicatioroverheads lower boundedby the num-
ber of partitions. This led usto developan entirely new

approactof parallelizingthe coarsegrid constructioral-

gorithm that doesnot rely on existing parallel formula-
tionsof multilevel graphpartitioning.

Distribute Graph

1

Run serial algorithm on every proceslfor

1

Create Fused Element Gra%)h

1

Repartition Fused Element Graph
Redistribute Original Graph

Refine Graph

j} 1...nsteps

Figure 2: The various phases of the the parallel procedure.
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The overall structure of our parallel algorithm is
shavnin Fig. 2. Initially, the meshis distributedamong
theprocessorsisinga parallelmultilevel graphpartition-
ing algorithm. This resultsin a distribution in which
eachprocessocontainsawell-shapedsubdomainin the
sensehatthe numberof elementdetweemrocessorss
minimized. Now, eachprocessqroperaten its locally
storedportionof the overallmesh,andit cutsall connec-
tionsto otherprocessorsit thenusegheserialmultilevel
coarsegrid constructionalgorithmto generatea coarse
grid for its local subdomain.Sincethe processoreper
ate only on their own subdomainsthis approachleads
to a coarsegrid whoseinterior containselementswith
goodaspectatios,but becausét is notallowedto create
fusedelementsacrossprocessosubdomairboundaries,
the quality of the elementsalong the processorsubdo-
mainboundariesnaybe poor.

)

New partition

Original Partition
Figure 3: Partition.

Oneway of correctingthis problemis to allow fused
elementson the boundariego participatein refinement
iterationswith the fusedelementsstoredin neighboring
(with respecto the mesh)processorsHowever, this ap-
proachleadsto fine-graincommunicatiorand synchro-
nizationthatcanpotentiallylimit the overall parallelef-
ficiengy. For this reasonwe developedan alternateap-
proachfor correctingthe quality of theseinterfaceele-
ments. The key ideaof our approachs to usean adap-
tive graphpartitioningalgorithmto perturbthe existing
meshpartition, sothatthe elementsalongthe processor
interfaceboundarymove closerto theinterior, andaway
from theboundary The motivationbehindthis approach
is thatif thefusedelementsalongthe interfacemove to-
wardsthe interior of the subdomainthentheir adjacent
fusedelementwill moveto thesamesubdomairaswell,

andtheir quality canbeimprovedby simply performing
local refinement. This is illustratedin Fig. 3, in which

the dark black lines correspondo the new partitioning

of the original mesh. Note thatthe repartitioningof the

meshcan be donein sucha way so that the elements
thathave alreadybeenfusedtogetherareassignedo the

sameprocessaqrthuspreservinghe quality of the exist-

ing fusedelements.

Our parallel algorithm usesthe adaptive graph par
titioning algorithmavailablein PARMETIS([7]), andthe
overallprocesf adaptve repartitioningfollowedby lo-
cal refinements performeduntil the overall quality the
coarsegrid doesnot improve ary further Our exper
iments have shavn that the overall processcorverges
within a smallnumberof iterations(lessthanten).

5 Experimental Results

We evaluatedthe performanceof our serialandparallel
algorithmsusing three different 3D tetrahedralmeshes
whosecharacteristicareshovn in Table1. Thesizeof
thesemeshegangedfrom 94.5K to 1.1M elements.We
testedthe quality of the grids obtainedfrom our algo-
rithmsin the simulationof an unsteadyflow of moving
grids, arisingin aero—elasticityproblemsusinganedge—
basednultigrid solver, for eachoneof thethreemeshes.
The parallel performancewas evaluatedon two differ-
ent architectures. The first one was a 1024—processor
CRAY T3E-1200parallelcomputemwith EV6 Alphapro-
cessorgunning at 600MHz and 512MB of memoryat
eachprocessar The secondwasa 16-processoLinux-
basedclusterof workstationsconnectedsia a 100MBit
Etherneswitch. EachprocessowasanIntel Pentiumlll
at650Mhzwith 1GB of main memory We will referto
this clusterasthe “BEQ” machine.

Name | # Elements| Description
M6 94, 493 M6 wing
F22 428 748 F22wing
F16 | 1,124 648 | F16wing

Table 1: Characteristics of the test data sets.

5.1 Evaluation of the Serial Algorithm

Ouir first setof experimentswas focusedon evaluating
the quality of the coarsergrids producedby our serial
multilevel coarsegrid constructionalgorithm using the
unsteadyflow simulation.

Table 2 shaws the corvergencecharacteristicof the



multigrid solver for different methodsfor constructing
the coarsegrids. In particular the table shows the re-

sults for six different algorithmsfor coarsegrid con-
struction. The row labeled“Trad1” correspondgo the
resultsobtainedby the simple neighborhoodbasedag-
glomeratve scheme[2]. The resultslabeled“Trad2”
correspondto the neighborhoodbasedagglomeratie
schemehattakesinto accountheaspectatio of thenew

cells[11, 13]). TheremainingresultslabeledML _F1",

“ML _F2", “ML _F3", “ML _F3.F2", correspondto our
multilevel coarsegrid constructionalgorithmsusingthe
F1, F2, F3, andF3 + F> objective functionsrespectiely
from section2.

M6 F22 F16

Technique | # lterations | # Iterations | # Iterations
Tradl 215 181 399
Trad2 160 153 358
ML _F1 146 155 349
ML _F2 149 159 345
ML_F3 156 157 349
ML _F3.F2 148 160 339

Table 2: Convergence of serial multigrid algorithm.

Looking at the resultsin this table we can seethat
the differentobjectivesof the proposedmultilevel algo-
rithmsfor constructinghe coarsegrids,tendto perform
very similar to eachother In mostcasesthe numberof
iterationsrequiredby the multigrid solver on the coarse
gridsgeneratetby thefour objectivesarewithin 3%from
eachother Theonly exceptionwasML _F3thatrequired
7% moreiterationson M6 thanthe otherschemesCom-
paring Trad1 againstTrad2 we can seethat the former
performssignificantlyworse. Comparingthe multilevel
approachesgainstTrad2 we can seethat they lead to
coarsegridsthatarebetter(at leastin termsof the num-
ber of iterations)for M6 andF16 andthey achiese com-
parablequality for F22. In particulat the numberof iter-
ationsrequiredby the multigrid solver is lower by 10%
on M6 and6% on F16 whenthe multilevel schemesre
used.

5.2 Evaluation of the Parallel Algo-
rithm

We evaluatedthe performanceof our parallel formula-
tion of the multilevel coarsegrid constructioralgorithm
on the samethree unstructurednesheausedby the se-
rial algorithm. Our evaluationwasdoneat threelevels.
Firstwe comparedhe aspect-raticharacteristicef the

generatedcoarsegrids asthe numberof processorsn-
creased.Second,we comparedhe performanceof the
multigrid solver on the parallelgeneratedyrids. Finally,
we evaluatedthe scalability of the parallelalgorithmit-
self.

Table 3 shaws the quality of the coarsegrids pro-
duced by our parallel algorithm on the CRAY using
1,2,4,8, 16,32 64, 128 256, and 512 processordor
the M6, F22 andthe F16 datasets. Theseresultswere
obtainedusingthe schemeML _F3_.F2. Note that some
of the resultscould not be obtaineddueto the factthat
therewasnot enoughmemoryon small numberof pro-
cessoron the CRAY T3E. Table4 shaws the resultsof
the sametestsran on the BEO clusterfor 1, 2, 4, 8, and
16 processorsResultsfrom teststhatwerenot obtained
onthe CRAY dueto memorylimitations canbe seenin
this table. From theseresultswe can seethat with re-
spectto the F» measurethe quality of the coarsegrids
producedby the parallelalgorithmremainsthe sameas
we increasehe numberof processorsln factthe overall
F2> measureseemdo improve aswe increasethe num-
ber of processorsThis is primarily dueto the factthat
the larger processorconfigurationgproducedgrids with
slightly moreelements.With respecto the F3 measure
the overall quality still remainsthe same,even though
therearecertaininstancesn which theresultsaresome-
whatdifferent. Thisis primarily dueto the factthatthe
F3 measuras entirelydeterminedy thequality of asin-
gle fusedelement,andit is much more sensitve to the
underlyingrandomizatiorof the algorithm.

Table5 shavsthecorvergenceof themultigrid solver
usingthe variousgrids generatedy the differentobjec-
tive functionsof the multilevel algorithm. Sincethe cur-
rent versionof our multigrid solver runs only serially,
theseresultswereobtainedby first generatinghecoarse
gridsin parallel,andthenusingthemasinputto the se-
rial multigrid algorithm. Dueto time limitationsthe re-
sults reportedin this table shav only the corvergence
performancdor up to 16 processorsNeverthelesseven
from theselimited results,we can seethat, in general,
our parallelmultilevel algorithmsproducegridsthatlead
to similar corvergenceratesfor the multigrid algorithm,
asour serial multilevel algorithm. In fact, the number
of iterationsrequiredby thevariousalgorithmsremained
prettymuchconstantiswe increasedhe numberof pro-
cessors.The only exceptionwaswith problemF16, for
which the numberof iterationsdid increaseslightly for
ML _F2,ML _F3,andML _F3_F2. Oneof thereasongor
that may be dueto the fact the size of the coarsegrids



M6 F22 F16

#PES F3 Fo F3 F> F3 F>

1 243+ 01| 1.82+ 06 — — — —

2 2.26e+ 01 | 1.82¢+ 06 — — — —

4 225%+01 | 1.82+06 | 2.71e+01 | 8.2% + 06 — —

8 227e+01 | 1.82e+06 | 293¢+ 01 | 8.28+ 06 — —
16 226e+01 | 1.81e+06 | 2.31e+01 | 8.25¢+ 06 | 2.24e+ 01 | 2.02e+ 07
32 226e+01 | 1.80e+06 | 2.36e+01 | 823+ 06 | 2.64e+ 01 | 2.02e+ 07
64 226e+01 | 1.80e+06 | 240e+01 | 821e+06 | 7.11e+ 01 | 2.0le+ 07
128 | 2.26e+01 | 1.80e+ 06 | 231e+01 | 820e+06 | 2.28+ 01 | 2.0le+ 07
256 | 2.30e+01 | 1.79e+06 | 1.68e+ 02 | 81%+06 | 2.84e+ 01 | 2.0le+ 07
512 | 243 +01 | 1.78e+ 06 | 457+ 01 | 818+ 06 | 3.50e+ 01 | 2.0le+ 07

Table 3: Quality measures on CRAY T3Eon 1, 2, 4, 8, 16, 32, 64, 128 256, and 512processors.

M6 F22 F16
#PES F3 Fo F3 F> F3 F>
1 270e+01 | 1.822+06 | 255%+01 | 833+ 06 | 228+ 01 | 2.04e+ 07
2 22%+01| 1.82+06 | 232e+01 | 8.30e+ 06 | 2.84e+ 01 | 2.03e+ 07
4 31%+01 | 1.822+06 | 255%+01 | 82% +06 | 2.84e+01 | 2.03e+ 07
8 227e+01 | 1.81e+06 | 241e+01 | 828+ 06 | 2.28+ 01 | 2.03e+ 07
16 226e+01 | 1.81e+06 | 2.31e+01 | 8.25¢+ 06 | 2.84e+ 01 | 2.02¢+ 07

Table 4: Quality measureson BEOon 1, 2, 4, 8, and 16 processors.

generate@sthenumberof processorscreasess some-
whatlarger. We arecurrentlyinvestigatingheseresults.
Finally, Table6 shavs the run times(in secondsye-
quiredby thedifferentprocessorso constructhecoarse
grids. The timesappearingherecorrespondo the runs
madefor creatingTables3 and4. The single proces-
sor run timeswere obtainedusing the serial algorithm.
A numberof obsenationscanbe madefrom this table.
First,looking attheresultsof M6 (whichwe wereableto
runonsingleprocessoonthe CRAY), andtheresultsof
all gridson the BEO, we canseethatthe two-processor
timeis actuallyhigherthantheserialtime. Thisis dueto
thefactthattheparallelalgorithmperformsmorecompu-
tations,asit needgo refinethe solutionsmultiple times
(onceaftereachrepartitioning).However asthe number
of processormcreasesgheamountof timerequireddoes
decreaseln the caseof the CRAY T3E, the runtimeac-
tually reducedinearly all the way up to 256 processors.
The run-time reductionis lower when going from 256
to 512 processorsasall three problemsare quite small
(evenfor thelargermesh F16,thereareonly about2150
elementsateachprocessor)ln the caseof theBEO clus-
ter, a significantreductionin runtimeis obtainedall the
way up to 8 processorsHowever, whengoingfrom 8 to
16 processorghe amountof time requiredfor M6 actu-
ally increasesTheperformancelegradations dueto the
poorinterprocessointerconnectiometwork of the clus-

ter. Despitethat, asthe problemsize increasesbetter
speeduganstill be obtainedasillustratedby theresults
obtainedfor F22,for which theruntimereducedy 32%
whengoingfrom 8 to 16 processors.

CRAY T3E BEO
M6 F22 F16 M6 F22
#PES| Time Time Time Time | Time
1 80.66 — — 3274 1 17361
2 10317 — — 46.14 | 24666
4 5043 | 25613 — 2821 | 15321
8 2230 | 12521 — 1418 | 74.71
16 9.95 6106 16314 | 1864 | 50.55
32 4.38 29.71 90.08 — —
64 2.24 14.86 40.47 — —
128 1.68 7.11 19.15 — —
256 1.06 4,52 10.72 — —
512 1.06 3.55 7.11 — —

Table 6: Run Times (in seconds) on CRAY T3E and BEO clus-
ter.

6 Conclusions

In this paperwe presentederialandparallelalgorithms
for building coarsegridsfor geometricmultigrid solvers
that usethe multilevel paradigm. Our resultsshov that
thisapproacHeadsto coarsegridsthathave well-shaped



M6 F22 F16
# Iterations # Iterations # Iterations
Technique| p=2 | p=4 | p=8| p=16 ]| p=2| p=4| p=8| p=16]| p=2| p=4| p=8 | p=16
ML _F1 146 147 149 150 158 159 160 157 353 352 350 344
ML_F2 147 146 148 149 158 157 158 156 341 342 344 355
ML_F3 148 148 150 152 157 156 156 156 339 348 345 354
ML _F3.F2 146 146 147 152 159 158 161 158 338 341 349 357

Table 5: Convergence of multigrid algorithmon 1, 2, 4, 8, and 16, processors.

elementsandthe correspondingparallelformulationcan
scaleto largenumberof processors.
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